	WEEK 2
	EUCLIDEAN GEOMETRY:

Circle Geometry and Concurrency 
	FET


{Insert table of contents in a frame on the left-hand side, with links to each section.}
After editing the numbering of sketches is not sequential, but it is correct!
Audio-clips are in RED
[image: image83.png]



1. Motivation and Introduction
2. Outcomes
3. Learner Responses.
4. Analysis and Synthesis
5. Reflection 

6. Concurrency
7. Ideas for Investigations
8. Assignment
9. Assessment in the classroom
10. Wrap-up
{Internet page1}
1. Motivation and Introduction. 

Learners and teachers very often view geometry with trepidation. Frequently learners do not have the confidence to solve geometry problems successfully, and teachers lack the content knowledge to project confidence and a positive attitude towards this key area of mathematics. This is largely due to a lack of adequate problem-solving skills. In this module we will be looking at techniques that teachers may employ to overcome learners difficulties through reflective teaching practices and empowerment through skills training.  In the second part of this unit we deal with concurrency from an investigative and problem-solving perspective.

2. Outcomes

After working through this unit you should be able to

· use circle theorems and solution strategies to solve routine geometry problems

· use correct mathematical language in writing out solutions to geometry problems

· understand the concept of  concurrency and its applications

· make connections between ‘real world’ situations and school geometry

3. Learner Responses.
A professional teacher is a reflective teacher.  The reflective practitioner interacts actively with the teaching and learning situation.  In this way the practitioner can modify and improve her own teaching practice on an ongoing basis as well as allow for more flexibility in the learning and teaching situation.

Listen to the following learners’ difficulties and reflect on how you might respond. Click on the button to listen to …
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	Audio Clip 1:

Learner 1: “ I don’t like solving riders at all. I never know where to start.”  

{While Audio clip is playing, insert the following Hypertext:)
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Hypertext:

Learner 1: “ I don’t like solving riders at all. I never know where to start.”  

Type in your response to Learner 1 in the box below: 

{Insert write box}
Click on the button alongside to read some suggestions. 


	Hypertext suggestion 1:

popup small window for each learner
· Break the problem into smaller parts: E.g. If there are two circles then examine each circle separately for the properties of it’s cyclic quadrilaterals, radii, tangents, etc.

· Extend the data for each part: e.g. for each circle show that angles in the same segment are equal.

· Examine the sketch as a whole; identifying relationships between the parts.

· Examine the solution. Test your strategy to see if it will work.

· Write down the relevant deductions to arrive at the proof. 




	Audio Clip 2:

Learner 2. “I always get stuck in the middle of a problem. It is easy to find angles that are equal, but I can’t seem to write down a proof clearly.”

{While Audio clip is playing, insert the following Hypertext:)


	[image: image85.jpg]Clip art by
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Hypertext:

Learner 2. “I always get stuck in the middle of a problem. It is easy to find angles that are equal, but I can’t seem to write down a proof clearly.”

Type in your response to Learner 2 in the box below:

{Insert write box}
Click on the button alongside to read some suggestions. 



	Hypertext suggestion 2:

· Consider the proof required, and carefully analyse which deductions are relevant.

· Work through the path taken to prove the required angles equal.

· Write down each step taken along the path to your solution.

(Sometimes proving two angles equal may require that you prove them both equal to another angle – in this case write down the steps taken in each path  – then deduce that the angles are equal, as a result of the equality to the third angle.)




	Audio Clip 3:

Learner 3: “There are too many theorems, and I never know which one to use.”

{While Audio clip is playing, insert the following Hypertext:)

	[image: image86.wmf]Hypertext:

Learner 3. “There are too many theorems, and I never know which one to use.”

Type in your response to Learner 3 in the box below:

{Insert write box}
Click on the button alongside to read some suggestions. 



	Hypertext Suggestion 3:

· Break down the given, into parts.

· Extend each part of the given. 

This will give you a clue about which theorems to use. E.g. Given: AB is a tangent to the circle – you may have to apply the three tangent theorems: look for each chord that touches the tangent, and mark the angles equal to the angles in the alternate segment.




	Audio Clip 4:

Learner 4: “ It is so boring, I don’t see why we have to prove something which you already know to be true”

{While Audio clip is playing, insert the following Hypertext:)

	[image: image87.wmf]Hypertext:

Learner 4. “ It is so boring, I don’t see why we have to prove something which you already know to be true”

Type in your response to Learner 4 in the box below:

{Insert write box}

Click on the button alongside to read some suggestions. 



	Hypertext solution 4:

We may already know what is true but mathematics is a logical structure.  Doing proofs can elucidate the underlying structure of mathematics.  Much of the power of mathematics comes from its logical and economical structure.  In other words, studying mathematics includes studying the underlying structures upon which mathematics stands. 

Geometry proofs are a great way of sharpening our deductive skills. Although we already know what is true, the way we ‘argue’ why it is true is important in developing our logical skills, which are a great asset to have to win arguments, and to help us develop into discerning individuals. This is a skill that allows us to discern right from wrong; to sift out propaganda from our media sources etc.
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4. Analysis and Synthesis of Common Riders.
As you attempt the following questions, reflect on the stumbling blocks, dead-ends, and common mistakes that might confront your learners. You will be asked to note where you might have encountered a problem (e.g. not having understood the language of the question, not having read the given properly etc.) after the series of questions.

[image: image88.wmf]
What strategies do you employ when attempting to engage in a geometry problem? (How would you ‘unpack’ the diagram with respect to the given information.).

Type in your response in the box below: 

{Insert write box}
Click on the button to revisit some strategies discussed last week.

[image: image89.wmf]Hyperlink to Week 1:  Strategy Solutions
4.1 Study the diagram below and answer the questions that follow
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Week 2-diag1 -pic - this is Pic1.wmf
In the diagram EC is a tangent to the circle O, BOAE is a straight line and OM is perpendicular to AC.

Let 
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a) Extend the given to write as many angles as you can, in terms of x and y.

Type in your solution in the box below:

 {Insert write box}
Need some help getting started? Click on the each of the audio buttons below for help on ‘unpacking’ the diagram above.

We do audio PLUS HTML, i.e. a webpage popup as each audio button is clicked!
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[image: image92.wmf][image: image93.wmf]
	Audio and HTML clips:

(Centre)

Use the given information that O is the centre of the circle.

· Mark all radii equal, and the base angles, of isosceles triangles formed by radii, equal. {Pause}

· Now mark all angles at the centre equal to twice angles at the circumference. {Pause}

· Check for any diameters. Mark the angles subtended by them at the circumference equal to 90o. {Pause}

(Tangent)

Now consider the given tangent:

· Mark the angle between the tangent CE and the chord CA equal to the angle in the alternate segment. {Pause}

· Check if any radii meet the tangent, and mark the 90o angle formed. {Pause}

(Cyclic Quadrilateral)

Now check the cyclic quadrilaterals.

· There is only one in the diagram: ABDC. Mark the exterior angles equal to the interior opposite angles.

· Check to see if there are any angles in the same segments.

· Find the opposite angles of the cyclic quad. ABDC, which are supplementary.
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Compare your Solution:

	Hypertext Solution:

Week 2-diag2 -applet
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Click on the buttons in the diagram above to view the angles.

1. Base angles of isosceles triangles formed by radii are equal. 

So 
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2. Angles at the centre is twice the angle on the circle.

So 
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Now 
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Now in 
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  x + y = 90o
(But we know this already:

– angle ACB = x + y is an angle in a semi-circle

 – angle OCE = x + y  and the tangent is perpendicular to the radius!)

3. Angle between the tangent and the chord is equal.
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Now 
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            opp. angles of a cyclic quad. supplementary.
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(Or D1 is the exterior angle of triangle AOC, so 
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4. Exterior angle equals interior angle of cyclic quad.
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5. Now AOFC is a cyclic quad.
AF subtends equal angles 
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      angles in the same segment subtended by CO

There are also many other deductions we can make, e.g.

–  BC // OF

· EC is tangent to circle OCM

· OF is tangent to circle OBC
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 b) What would be the advantages of asking an open question like the question above in a) to learners?  

Type in your solution in the box below:
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{Insert write box}
Click on the button to check some advantages.

	Hypertext: Advantages:

It is stimulating to all levels of learners.

At the lower ability level, learners are not pressured to ‘prove’ something. They do not feel frustrated at ‘not having proved’ the problem. This gives them a sense of security to engage in the geometry freely. 

The more advanced learner is catered for as well, he can extend this problem and prove other interesting facts, that were not already stated to be true. It promotes enquiry, investigation, exploration and results in a sense of empowerment for the learners

Learners are not bounded by the limitations of what has to be proved. An appreciation of the ‘richness’ of the geometrical situation is instilled.


{Internet page3}
4.2  Study the diagram below and answer the questions that follow.

diag3 -pic The name of the Picture is Pic3.wmf
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	AD and AE are tangents to the circle at D and E.

The straight line AC is drawn parallel to chord FD.

AC meets ED produced at C and EF produced at B.




a). Write down how you would model the method of ‘extending the given’ and unpacking the diagram into smaller, more manageable parts? 

Type in your solution in the box below

{Insert write box}
Click on the button for some ideas:
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	Hypertext: parallel lines

In the applet below, click on each "Show" button and then on the "Hide" button …

Insert Week 2-diag4 -applet t
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	Hypertext: tangents

It is important to identify the tangents and the chords …

Week 2-diag5 -applet
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b) Write down a proof for the following questions:

i) Prove that ABDE is a cyclic quadrilateral.

Type in your solution in the box below: 

{Insert write box}


Click on the button to check your solution:

	Hypertext Solution:

You can click on this applet to help you visualise the proof:

Insert Week 2-diag6 -applet
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[image: image30.wmf]\

ABDE is a cyclic quad.  Line segment BD subtends = angles on  same side of it 




ii)) If it is given that EF=DF, prove that ABC is a tangent to the circle through B, F and D.

Type in your solution in the box below 

{Insert write box}
Check your solution:


	Hypertext Solution:
Imagine the circle already drawn:

Pic 71.wmf
We will prove that ABC is a tangent by proving that 

B1 = D5 + D6
i.e. using the theorem "If the angle between 

Too follow the proof, click on the buttons in this applet:

applet 7
Note: use the ^ notation for angles everywhere!!
Let E8 = x
E8 = D9 =  x …………………… base angles of isosceles 
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(ADE = 2x
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 B1 = 2x ……………   … angles on chord AF of cyclic quad. ABDE

D5 = E7  = x ………………..…angles on chord AB of cyclic quad. ABDE
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(BDF = D5 + D6  = 2x
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 B1 = (BDF = 2x
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ABC is tangent to the circle BFD

angle bet line & chord = angle in the alternate seg.
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5. Reflection:

a) Reflect on the problems that you faced doing the previous problems.  Do you think there are any problems with which your learners would experience difficulty? Why? 
Type in your response below:
{Insert write box}
b) What type of action would you take to overcome these difficulties with your learners?

Type in your response below:

{Insert write box}
{Internet page5}
6. Concurrency

What is concurrency? 

Type in your response below:

{Insert write box}

Click on the button to find out what concurrency is.

Hypertext: 

If a set of lines all intersect in the same point then we say the lines are concurrent.

The point of concurrency is the common point of intersection.

Concurrency is an important concept with important practical applications

If a light is placed at the focus of a parabolic mirror the light will be reflected in rays parallel to axis. In this way a straight beam of light is formed. It is for this reason that parabolic surfaces are used for motorcar headlamp reflectors. The bulb is placed at the focus for the high beam and in front of the focus for the low beam.

Pararay.gif




The following applets show this principle:

Applets para
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The opposite principle is used in the giant mirrors in reflecting telescopes and in antennas used to collect light and radio waves from outer space: the beam comes toward the parabolic surface and is brought into focus at the focal point, as shown in this animation:

Radio telescope.gif
[image: image39.png]



Can you think of any other common examples of concurrency?  

Type your answer in the space provided.   

{Insert write box}
Click on the button to find further suggestions of instances of concurrency.


Hypertext:

· The point of focus of a convex lens. 

· Light being focused coming into an eye. 

· The ellipse has an important property that is used in the reflection of light and sound waves. Any light or signal that starts at one focus will be reflected to the other focus. This principle is used in lithotripsy, a medical procedure for treating kidney stones. The patient is placed in a elliptical tank of water, with the kidney stone at one focus. High-energy shock waves generated at the other focus are concentrated on the stone, pulverizing it.The principle is also used in the construction of "whispering galleries" such as in St. Paul's Cathedral in London. If a person whispers near one focus, he can be heard at the other focus, although he cannot be heard at many places in between.
Click here to see an animated movie illustrating the principle:
MOVIE:ELLIP2.AVI
In Grade 11 we study four particular theorems about concurrency.  Each theorem revolves about a point of concurrency within a triangle.  Let’s look at the four theorems.

{Internet page6}
The Four Concurrency Theorems

	6.1 The perpendicular bisectors of the sides of a triangle are concurrent.

The point of concurrency is called the circumcentre.  

It is the centre of the circumscribed circle because C is equidistant from A and B and D.              

Can you prove that C is equidistant from A, B and D?

Click on the red points of the vertices A, B and D, and while holding down the mouse button drag the points around to change the dimensions of the triangle. 

Week 2-diag11 applet
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Remember in the video the archaeologist used this theorem to find where the circle of excavation lay?

Video insert. [ Time?  -   ]



	6.2 The bisectors of the angles of a triangle are concurrent.

The point of concurrency is called the incentre. It is the centre of the inscribed circle of the triangle ABC because I is equidistant from AB, BC and AC.

Can you prove that I is equidistant from AB, BC and AC?

Click and drag the red points in this applet …

Week 2-diag12 applet
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From a practical point of view an incentre can be used to identify a location that is the same distance from three boundaries.  

Here is an example.  Three roads intersect to form a triangle.  A park is located within the boundary of the triangle.  The best place to put a light is at the in-centre.  This is because if the light is placed at this point it will illuminate the greatest area.




	6.3 The medians of a triangle are concurrent.  

The line from a vertex of a triangle to the midpoint of the opposite side is called a median.

The medians of a triangle are concurrent, and the point of concurrency is called the Centroid.
Can you prove that medians of a triangle are concurrent?

Click and drag the red points in this applet …

Week 2-diag13 applet
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The point of concurrency is the centre of gravity of the triangle.

Remember, part of the lesson in the video was structured around this fact.

Video clipWeek 2 ----01:15:01-01:15:15



	6.4
The altitudes of a triangle are concurrent.

The point of concurrency is called the orthocentre.

Can you prove that altitudes of a triangle are concurrent?

Click and drag the red points in this applet …
. Week 2-diag14 applet
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What happens to the orthocentre when the triangle is obtuse?

Type in your solution:

{Insert write box}

Check your solution, click on the button.

Hypertext Solution:

If a triangle is obtuse then the ortho-centre lies outside of the triangle. 
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7.  Ideas for Activities and Investigations in the classroom. 

Here are some investigations for yourself, that that you can also use in your class.

Click on the button to go to each activity:

Each investigation pops up in a separate smaller window




Hypertext: Tangents

1. Two circles touch only at one point. Investigate the relationship formed between the common tangents and the chords that meet these tangents. Can you generalise your findings?

Click on the red points in the circles below, and while holding down the mouse button, drag the points to change the sizes of the circles..

[image: image44.wmf]
Week 2-diag8 –applet                                       Week2-diag9 applet
2. What if three circle touch? What generalisations can you make?
Investigate the ratio of the length of the sides of the triangles in the diagram.

Can you explain or prove your findings?

Click on the red points in the circles below, and while holding down the mouse button, drag the points to change the sizes of the circles..
Week 2-diag10 applet
[image: image45.wmf]Investigate the ratio of the length of the

sides of the triangles in the diagram.


Hypertext: Tunnels and bridges

1. The Impossible Tunnel Society of South Africa (ITSSA) proposed that a straight tunnel be built linking Johannesburg with Cape Town.  The tunnel should be 1800 km long.  What is the greatest depth the tunnel will reach below the earth’s surface?  (The radius of the earth is 6400 km).

    Solution



[image: image46.png]900
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If we draw a sketch of the earth we can see that the tunnel forms a chord of the circle.  We know that the perpendicular line from the centre of the circle to the chord bisects the chord.  Thus in the triangle formed by the radius of the earth and half the chord (tunnel), one side is 900 km and the hypotenuse is 6400 km. The third side (lets call it t) is 
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 .  The greatest depth of the tunnel is 6400 – 6336,403 = 63,597 km.

2. A bridge with a circular arch is being designed to span a river.  The arch spans a distance of 50 metres across the water.  The arch’s highest point is 15 metres above the water.  Find the diameter of the circle. 

3. The diagram shows the cross-section of a tunnel.  The tunnel is circular with a platform DC in it.  The platform is held by five rods AB, BC, BD, AC and AD.  Rods AD, AB and BC are all the same length.  The angle between AC and BC is 30(.

a)
Find:

        i)  
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b)
Explain why the platform DC must be parallel to rod AB.

Hypertext: Ortho-centres

	diag16 pic This is Orthocentre.wmf
To do this investigation, group your learners in pairs.  Ask them to accurately draw the ortho-centre of the triangle ABC.  Now ask them to do the following:


If H is the ortho-centre of the triangle ABC:  

Show that A is the ortho-centre of the triangle HBC.

Show that B is the ortho-centre of the triangle HAC.

Show that C is the ortho-centre of the triangle HAB.   

What can you say about the quadrilateral HECD?

What can you say about the quadrilateral HEBF?                                                                                                                                                               




	Hypertext: Points of concurrency:
Investigate the relationships of the four concurrency points in:

An isosceles triangle.

An equilateral triangle.

A right-angled triangle

You may use this applet in your investigations. 

You  can drag points A, B and C. Points G, H, and O are the centroid, orthocentre, and circumcentre of triangle ABC (the green lines are altitudes, the purple lines are medians, and the red lines are perpendicular bisectors). Notice as you drag around the vertices of ABC that the ratio GH/OG remains constant and that the measure of angle OGH remains a constant 180 degrees. Thus, O, G, and H are collinear - this line OGH is called the Euler line.

insert Euler applet
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	Hypertext: Ratio of Circles

Investigate the ratio of the radius of the circumcircle to the radius of the incircle of :

a) An isosceles triangle.

b) An equilateral triangle.




Hypertext: Napoleon's theorem

It is said that Napoleon Bonaparte of Waterloo fame was a keen amateur mathematician. It is doubtful whether he really discovered or proved the theorems, but it carries his name: Napoleon's theorem.

Three equilateral triangles are drawn on the sides of any triangle ABC and the centres of the three triangles are connected. Then the centres form an equilateral triangle.

Can you prove Napoleon's Theorem?
Use the applet below to drag the red points. Investigate special cases.

What other conjectures can you make?

insert Napoleon's applet
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Outside internet link:

For a proof of Napoleon's theorem, go to Geometry Step-by-step (http://agutie.homestead.com/files/index.html)
	Hypertext: Rail Company 

a) The local municipality wants to construct a railway connecting Pretoria, Johannesburg and Sandton.  The offices of the Simunye Rail Company have to be situated at an equal distance from all three towns.  Investigate how a solution to this problem may be found.


Clipart to be provided by Firhana
b) The rail company has decided to build a medical facility that is to be located at an equal distance from all three railway lines in case of an emergency.  Investigate how a solution to this problem may be found.




{Internet page8}
8.  Assignment:

You assignment for this unit on circle geometry and concurrency requires you to complete two of the investigations which were listed as part of the resources for the classroom. You can print it and complete it at home.

1. Tangents: 
a) Two circles touch only at one point. Investigate the relationship formed between the common tangents and the chords that meet these tangents. Can you generalise you findings?

b) How about three circle that touch at one point? What generalizations can you make?

(You can re-visit applet for this question by clicking on the   link )

Hyperlink to Tangents :
2. Orthocentres:

Draw the ortho-centre H of the triangle ABC.  Now answer the following questions:


a) Show that A is the ortho-centre of the triangle HBC.

b) Show that B is the ortho-centre of the triangle HAC.

c) Show that C is the ortho-centre of the triangle HAB.   

d) What can you say about the quadrilateral HECD?

e) What can you say about the quadrilateral HEBF?                                                                                                                                                               

Hyperlink to Orthocentres
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9. Assessment in the clasroom 

It is important to prepare activities for learners and take into account aspects like classroom management, resources and procedure.  But, it is also very important to assess the learners during the process of the activity (formative assessment) as well as after the activity is complete (summative assessment). 


Click on the button to hear more about Assessment.

	Audio clip:

Assessment is an essential component of outcomes-based education.  Assessment is meant to help learners achieve their full potential.  It therefore needs to be developmental rather than judgmental.  An important aspect of this type of assessment is the concept of self-referencing.  By this is meant the comparison of a learner’s results with his/her previous performance.  In the past a learner was predominantly judged with reference to his peer group.  Now we are asked to look at how learners have improved in terms of their past performance. Outcomes-based assessment requires that assessment be done while learners are actively involved in learning experiences The question is how in practise, can this type of assessment be carried out?

We will now look more closely at some of the techniques of assessment.


{While Audio is playing, Hypertext the key points listed below:}

Outcomes-based Assessment

Developmental rather than judgmental

Uses past performance as reference not peer-referenced

Assess during and after activity
{end of key points}

The Annotated Class List

An annotated class list is a useful way of doing informal and ongoing assessment.  The form is designed to help the teacher keep a record of various learners.  It assists the teacher in capturing critical incidents that occur while the learners are at work. 

Remember in the video the teacher walked around the classroom making observations and noting these down on an annotated class list.

Click on the icon to view a video clip. Video clip: 01:16:32 to 01:17: 02 

Peer Assessment
When the learners are working in pairs peer assessment is a good way to carry out assessment.  Each member of the pair is required to carry out an assessment of the other member.  Peer assessment can also be used in group work situations.  In the video there was an example of peer assessment. (Put in an example of a peer assessment sheet)

{Internet page9}
10. Wrap-up:

Work through the following exercise to check whether you can do everything that the outcomes at the beginning of this unit state.

	Assess.applet1
1.
In the sketch, two circles intersect in B and C. CA is a tangent to the larger circle, CE is a tangent to the smaller circle, and ABD is a straight line


Now answer the questions below.

	


1.1. Say whether each of the following statements is true or false and give appropriate reasons.

{boxes in which they can tick the correct choice – true/false ? If wrong, a message “think again!”. The solutions must pop up if the correct choice is made}
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{False. They are NOT angles in the same segment}
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{True. Angle between tangent CE and chord CB equals angle A in alternate segment)

· 
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(False }

· 
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{True. They are angles in the same segment, standing on chord BE}

· AC//ED


{True.
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(False. 
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{True. 
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1.2. If obtuse angle 
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{insert write box}
Click here for solution:

	Assess.applet2
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We will use the algebraic method.

Let 
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, as shown in the sketch.

Thus 

Then 
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Angle between tangent and chord, 
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Angle between tangent and chord
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Now obtuse
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exterior. angle of triangle BDE
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Now obtuse
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1.2. Is B necessarily the centre of circle ACE? Explain?

 {insert write box}
Hypertext Solution:

No, it is not necessarily the centre, you also need to be given that AB=BC=EB

2.
Match the correct point of concurrency with the properties alongside. Type in the letter corresponding to the correct concurrency point. 

{Insert write boxes 0ne character wide for the solutions where the boxes are drawn below}
	A. Incentre
	It is the point equidistant from three vertices of a triangle. 

Hypertext: The correct solution is C

	B. Orthocentre
	It is the centre of gravity.

Hypertext: The correct solution is D

	C. Circumcentre
	It is the point equidistant from the three sides of a triangle.

Hypertext: The correct solution is A

	D. Centroid
	It is the point of concurrency of the Altitudes
Hypertext: The correct solution is B


	
	It is the intersection of the bisectors of the angles of the triangle.

Hypertext: The correct solution is A


Now assess your own progress in the following simple matrix of the outcomes:

Use radio buttons? Ideally these should be submitted to the database …
	OUTCOME
	Not achieved
	Partially achieved
	Achieved

	Use circle theorems and solution strategies to solve routine geometry problems
	
	
	

	Use correct mathematical language in writing out solutions to geometry problems.
	
	
	

	Understand the concept of  concurrency and its applications.
	
	
	

	Make connections between ‘real world’ situations and school geometry.
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