UNIT 5 

VIEWING FUNCTIONS 2
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RIGHT FRAME, PAGE 1
1. OVERVIEW

In the previous unit we studied a range of functions in different contexts. In this unit we continue to explore functions. We represent functions in various forms such as words, graphs, tables of values or formulae. We also find function values, solve equations and find function rules. In addition, we analyse the behaviour of functions i.e. we look at maximum or minimum values of functions, when the function values increase or decreases, when function values are positive, negative or zero and the rate of change of a function.

2. OUTCOMES

After working through this unit, you should be able to:

· represent functions as tables of values, graphs or equations.

· transform functions from one representation to another representation of the same function

· find function values, i.e. values of the dependent variable.

· find values of the independent variables i.e. solve equations.

· describe and use the behaviour of a range of different functions

link to next page, 3.Focusing on intercepts
internet page 2
3. FOCUSING ON INTERCEPTS

The graph of y = x3 - 3x +1 is shown below.

Study the graph and then answer the questions below.

APPLET 51 ON WEB
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1. Read off from the graph what the approximate values of the x-intercepts of the graph
y = x3 - 3x +1 are.

Mouse-over pop-up for “x-intercepts”:
Hyperlink to x-intercepts
A x-intercept is the value of x where the graph cuts the x-axis. In other words, the x-intercept is the value of x when y = 0. The x-intercepts are also called the zeroes of the function f(x) i.e. the solutions of f(x)= 0. The solutions of the equation f(x)= 0 are also called the roots of the equation.

Type your answer here:

WE- PLEASE USE A CONVENTION OF PROVIDING A WRITE-BOX WITHOUT REPEATING FOREVER “Type your answer here”. THE REPETITION LATER ON IS HEAVY!
2. A learner attempted to find the roots of the equation x3 - 3x +1 = 0 through approximation. Part of the learner’s attempt is shown below. Read through the learner’s attempt and then answer the questions that follow.

MAKE THIS A DIFFERENT COLOUR OR SOMETHING SO THAT IT STANDS OUT!
[image: image13.wmf]
a) How does the learner know that one of the solutions to the equation x3 - 3x +1 = 0 lies between –1,9 and –1,8?

Type your answer here.
Hypertext answer

For x =-1,9 the value of x3 - 3x +1 is negative and for x = -1,8 the value of x3 - 3x +1 is positive. This means that a value of x between –1,9 and –1,8 should make the value of x3 - 3x +1 equal 0.

b) Continue using the learner’s strategy to find a better approximation of the negative root of the equation x3 - 3x +1 = 0 to at least two decimal places.

The following interactive graph will help you to zoom in (enlarge the graph).

APPLET 52
[image: image2.png]Click here for instructions on using the graph.
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It is very important that you read the instructions on different ways to change the scale of the graph! For example, try clicking with your mouse near x = -2 on the X-axis several times … Then you are looking at the graph with a magnifying glass and you should see this (this picture is not interactive!):

05Pic1.gif on the web
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3.
Now also find the approximate values of the other two roots of the equation
x3 - 3x +1 = 0 to at least two decimal places.

Type your answer here.

Answer:
X = 0,347 and x = 1.532

4. Calculate the value of y when x = 0. Where do you read this solution from your graph? 

Type your answer here.

Hypertext answer
y = 1 when x = 0. This is the y-intercept of the graph.

mouse-over pop-up for y-intercept
Hyperlink to y-intercepts
A y-intercept is the value of y where the graph cuts the y-axis. In other words, the y-intercept is the value of y when x= 0.

The x-intercepts are also called the zeroes of the function f(x), i.e. the solutions of f(x)= 0. The solutions of the equation f(x)= 0 are also called the roots of the equation.

Reflecting on the intercepts

We have used a process of trial-and-improvement to find the approximate values of the intercepts. This involves guessing two values between which the x-intercept lies and then trying to get closer and closer to this x-intercept by taking smaller and smaller intervals. The strategy is to try and get closer and closer to 0 to find the x-intercept. Trial-and-improvement is a powerful technique which can be used if you don’t know the algebraic procedures required. If you don’t have the technology, you have to do this process manually.

The x-intercept is the x-value on the graph where y = 0. To calculate the x-intercept of a function i.e. for the function f(x):

Substitute y = 0 into the equation and solve the equation f(x) = 0

The y-intercept is the y-value on the graph where x = 0. To calculate the y-intercept of a function, substitute x = 0 into equation f(x) i.e. find f(0).

Finding the y-intercept as the solution to y = f(0) and the x-intercept as the solution of f(x) = 0 are just special cases of our two fundamental problem types when working with functions, namely:

· Finding function values – given x we can find y.

· Finding input values – given y find x by solving equations.

New page
4. Focusing on maxima and minima

We show again the interactive graph of y = x3 - 3x +1. 

REPEAT APPLET 52 ON THE NEW PAGE
[image: image4.png]Click here for instructions on using the graph.
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1. What are the approximate local minimum  and local maximum values of
y = x3 - 3x +1, accurate to two decimal places.

Mouse-over pop-up for “local maximum and minimum”:
Hypertext for local maximum and minimum:

We say that this function has a local or relative maximum or minimum value. Although there may be other values that are bigger or smaller, in the vicinity of a point, or in a certain interval, the function has a maximum or a minimum.
Note: it is again essential that you know how to change the scale to be able to see more closely, so please read the instructions for using the graph. For example, if you click near the local minimum, you will get this view of the graph (this view is not interactive):

05Pic2.gif on the web
[image: image5.png]The graph of y =33 - 3+ |

085906417

105531817

yrin
1063247

yma
0906937

SetLimis

Zoomin

Zoom Out
Restoe Linis

058342914 y=-09991208





Type your answer here.

Answer

y = 3 and y = -1

2. For which value of x does y = x3 - 3x +1 have this local minimum or maximum value?

Type your answer here.

Answer
x = 1 and x = -1

3.
In the above activities you found the intercepts, maximum and minimum values by approximation. How can you be sure about your answers?

Type your answer here.

Click here to check your answer.

Hypertext answer

We can verify our answers by finding the intercepts, maximum and minimum values algebraically.

Remember that to find the x-intercept of the graph you have to substitute y = 0 into the function rule f(x) of the graph and then solve the equation f(x) = 0. For example, the x-intercepts of y = 3x2+2x-1 can be found algebraically by solving the equation 3x2 +2x-1 =0 i.e.



(3x - 1 )(x + 1) = 0





x = 0,33 or x = -1

To find the y-intercept, substitute x= 0 into f(x) i.e. find f(0). For example, the y-intercept of y = 3x2+2x-1 is y = 3(0)2 + 2(0) +1 = 1

To find the minimum and maximum values algebraically, we need to use calculus methods.

Look back at unit 4, The biggest box which involves finding maximum values to solve the problem.

insert hyperlink to week 4, the biggest box, above link not active!
New page
5. INCREASING AND DECREASING 

Let us look at the graph y = x3 - 3x +1 again.

REPEAT APPLET 52 ON THE NEW PAGE
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The graph of y =33 - 3+ |

ymin
5

yma

5
SetLimits

Zoomin

Zoom Out

st Lints
1 D T = - oraeas





1. For which values of x is the function values of x3 - 3x +1 (i.e. y) increasing?

Type your answer here.

2. For which values of x is the function values of x3 - 3x +1 decreasing?

Type your answer here.
separate mouse-over pop-ups for increasing and decreasing
Hypertext for increasing and decreasing 

We say that a function is an increasing function in a particular interval if the function values get bigger as the x-values increase from left to right.

We say that a function is a decreasing function in a particular interval if the function values get smaller as the x-values increase from left to right.

Hypertext answer

When looking at the graph of y = x3 - 3x +1 from left to right, the graph rises, then reaches a maximum, then drops, then  reaches a minimum and then rises again.

We can also look at a table of values to get a sense of where the function is increasing and where it is decreasing.

[image: image14.wmf]
[image: image15.wmf]
	x
	-1,5
	-1,3
	-1,1
	-1
	-0,8
	-0,5
	0
	0,5
	1
	1,3
	1,5
	1,7
	1,9

	[image: image16.wmf][image: image17.wmf]y
	2,13
	2,7
	2,97
	3
	2,89
	2,38
	1
	-0,38
	-1
	-0,7
	-0,3
	0,89
	2,.16


[image: image18.wmf][image: image19.wmf][image: image20.wmf]
[image: image21.wmf][image: image22.wmf]
As x increases from left to right, y increases until it reaches a maximum of 3, decreases until it reaches a minimum of –1 and then increases again, that is

    y increases in the interval  ( < x < -1 and in the interval  1 < x < (
    y decreases in the interval  -1 < x < 1

new page
6. RATE OF CHANGE

1. The graph and a table of values of y = 2x + 1 is shown below. Study the graph and the table then answer the questions that follow.


Note: The applet is also a calculator – if you enter values in the x = input block, the corresponding value of y is calculated immediately! This can be quite useful!

TABLE APPLET 53 ON WEB

HTML IS TERRIBLE – YOU WILL HAVE TO CHANGE, JUST GET THE TABLE AND GRAPH NEXT TO EACH OTHER PLEASE
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a) Does y increase or decrease as x increases?

Type your answer here.

b) By how much does x increase each time?

Type your answer here.

c) Does x increase by the same amount each time?

Type your answer here.

d) Does y increase or decrease by the same amount each time? 

Type your answer here.

e) By how much does y increase each time?

Type your answer here.

2. The graph and a table of values of y = x2 + 1 is shown below. Study the graph and the table then answer the questions that follow.

TABLE APPLET 54 ON WEB

HTML IS TERRIBLE – YOU WILL HAVE TO CHANGE, JUST GET THE TABLE AND GRAPH NEXT TO EACH OTHER PLEASE
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a) Does y increase or decrease as x increases?

Type your answer here.

b) By how much does x increase each time?

Type your answer here.

c) Does x increase by the same amount each time?

Type your answer here.

d) Does y increase or decrease by the same amount each time? 

Type your answer here.

e) By how much does y increase each time?

Reflecting on increasing and decreasing functions

For y = 2x +1 the value of y increases as x increases. We see that as x increases in equal intervals of 1, y increases in equal intervals of 2 – we can see this in the graph and in a table. . We say that y increases at a constant rate. In the graph, this refers to the constant gradient of the straight line.

[image: image23.wmf]WE – PLEASE MAKE TABLE AND ARROWS!
	x
	-5
	-4
	-3
	-2
	-1
	0
	1
	2
	3
	4

	y
	-9
	-7
	-5
	-3
	-1
	1
	3
	5
	7
	9


[image: image24.wmf]
[image: image25.wmf]For  y = x2 + 1 the value of y increases as x increases from the left. We see that as x increases in equal intervals, y increases at different intervals each time. We say that y increases at a varying rate.

	x
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	[image: image26.wmf]y
	1
	2
	5
	10
	17
	26
	37
	50
	65
	82


New page
7. LOOKING AT SIGNS

Use the graph and table to investigate the signs (i.e. positive and negative) of the function values of the function  y = x3 - 3x +1.

TABLE APPLET 55 ON THE NEW PAGE
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1. For which values of x is x3 - 3x +1 (i.e. y) positive?

Type your answer here.

2. For which values of x is x3 - 3x +1 negative?

Type your answer here.

3. Where (for which x values does  x3 - 3x +1 change sign from positive to negative or negative to positive?

Hypertext answer

	x
	-2
	-1,9
	-1,88
	-1
	0
	0.1
	0.2
	0.35
	1
	1,4
	1,53
	2
	6

	y
	-1
	-0,16
	0
	3
	1
	0,7
	0,41
	0
	-1
	-0.46
	0
	3
	199



-  -  - -  -        0        +  +  +  +  +  +  +  +  +       0
-  -  -  -  -  -     0      +  +  +  + 

x3 - 3x +1 is positive when -1,88 < x  < 0,35  or x > 1,53

x3 - 3x +1 is negative when x < -1,88 or  0,35 < x < 1,53 

Note the interval notation!

For y to change sign from positive to negative or from negative to positive, it must pass through y = 0, and this is of course the zeroes of the function! (The roots of the equation.)

New page
8. ASSIGNMENT

Print and complete this assignment at home.
1. [image: image27.wmf]Study the graphs and then answer the questions that follow

a) State whether the graphs are increasing or decreasing.  Explain.

WE- MAKE THESE GRAPHS?
b) [image: image28.wmf][image: image29.wmf]Match the graphs with the tables below.  Give reasons for your answer

[image: image30.wmf][image: image31.wmf]
c) State whether the function values in the table are changing at a constant rate or a varying rate.  Give reasons for your answers. 
d) Copy the graphs that match the tables in (b) and label the axes appropriately.

2. Find the y- value for each formula in the table of values below, then answer the questions that follow.

	x
	1
	2
	3
	4
	5
	6
	7
	8

	y=5x2
	
	
	
	
	
	
	
	

	y=10-4x
	
	
	
	
	
	
	
	

	y=3x+5
	
	
	
	
	
	
	
	

	y=2x
	
	
	
	
	
	
	
	


a) For which of the above formula(s), does the y-values increase as x increases from 1 to 8?

b) For which of the above formula(s) decrease as x increases from 1 to 8?

c) For which of the above formula(s), does the y-values change at a constant rate as x increases from 1 to 8?

d) For which of the above formula(s), does the y-values change at a varying rate as x increases from 1 to 8?

e) For which of the above formula(s), does the y-values increases the fastest as x increases from 1 to 8.

3. Which of the graphs below can be matched with the formula shown below

[image: image32.wmf]
i) y = 5x2

ii) y = 3x + 2

iii) y = 2x2 + 1

iv) y = 3 – 2x


9. WRAP-UP

Work through the following exercise to check whether you can do everything that the outcomes at the beginning of this unit state.

Insert hyperlink to outcomes
1. The graph of y = 2x3 +3x2 – 12x –9 is shown below. Study the graph, then answer the questions that follow.

Wrap-up applet 1
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a) Complete the table of values

Note. The graph is also a calculator – simply enter any value in the x =  input box, and the corresponding value of y is shown instantaneously (you do not have to press ENTER). The co-ordinate pointer simultaneously moves to the appropriate point on the graph.

	x
	-4
	-3
	-2,5
	-2
	-1,5
	-1
	-0,5
	0
	0,5
	1
	1,5
	2
	2,5
	3

	y
	
	
	
	
	
	
	
	
	
	
	
	
	
	


b) Find the approximate values of the x-intercepts of y = 2x3 +3x2 – 12x –9
c) Calculate the y-intercept of y = 2x3 +3x2 – 12x –9.
d) Where can we read off the solution to the equation 2x3 +3x2 – 12x –9 = 0? Do it!
e) Find the approximate value of the local maximum of y = 2x3 +3x2 – 12x –9.
f) For which value of x does y = 2x3 +3x2 – 12x –9 have this maximum?
g) Give a function value for y = 2x3 +3x2 – 12x –9 which is larger than the local maximum value.
h) Find the approximate local minimum value of y = 2x3 +3x2 – 12x –9. 
i) For which value of x does y = 2x3 +3x2 – 12x –9 have this minimum?
j) Give a function value for y = 2x3 +3x2 – 12x –9 which is smaller than the local minimum value.
k) For which value of x is 2x3 +3x2 – 12x –9 positive?
2. The approximate stopping distance, y metres, of a car travelling at a speed of x kilometres per hour is given by the formula y = 0,007x2 + 0.14x.

Wrap-up applet 2
[image: image11.png]50
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a) Is y = 0,007x2 + 0.14x and increasing or decreasing function?

b) Does y increase or decrease at a constant or a varying rate?

c) Use a table of values to support your answers to questions (a) and (b).

d) Calculate the approximate stopping distance of a car traveling at 120 km/h.

e) At an accident scene, the police measured skid marks of 180 m. From this they could deduce how fast the driver was driving just before the accident. How fast?

3. The radius r in kilometres of a circular oil slick from a leaking offshore well is a function of time and is given by the formula r(t) = 0,25t + 0,5, where t is the time in hours after the well started to leak. 

Wrap-up applet 3
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a) Calculate the size of the radius when t = 0. Where can you read this value from the graph?

b) After how many hours will the radius of the oil slick be 2 km?

c) Is the radius increasing or decreasing over time? Explain.

d) Is the radius changing at a constant or varying rate? Explain.

e) Approximately what area does the oil slick cover after 4 hours?

Solutions to Wrap up

WE: Provide write boxes for every question in the wrap-up, and provide an answer button and pop-up answer right next to it!
1. a)

	x
	-4
	-3
	-2.5
	-2
	-1.5
	-1
	-0.5
	0
	0.5
	1
	1.5
	2
	2.5
	3

	y
	-41
	0
	8.5
	11
	9
	4
	-2.5
	-9
	-14
	-16
	-14
	-5
	11
	36


b) x = -3 or x ( -0,69 or 2,19

c) –9

d) Where y = 0, i.e where the x-axis cuts the graph.

x = -3 or x ( -0,69 or 2,19

e) y = 11

f) x = -2

g) any value greater than 11, e.g. at x = 2,6 the value of y is 15,232

h) y = -16

i) x = 1

j) any value less than –16, e.g at x = -3,6 the value of y is -20,232

k) –3 < x < -0,69 or x > 2,19

a) increasing

b) varying rate

c)

	x
	0
	10
	20
	30
	40
	50
	60
	70
	80
	90
	100
	110
	120
	130

	y
	0
	0,7
	2,8
	6,3
	11,2
	17,5
	25,2
	34,3
	44,8
	56,7
	70
	84,7
	101
	118


d) 118 m

e) About 150 km/h

3. 

a) r = 0,5

b)  6 hours

c) increasing. As time passes the radius gets bigger and bigger.

d) Constant. The radius is getting bigger by 0,25 km every hour.

e) After 4 hours the radius of the oil slick is 2,5 km.

The area is given by (r2, or approximately 3r2, i.e.18,75 m2.

Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Represent functions as tables of values, graphs or equations.
	
	
	

	Transform functions from one representation to another representation of the same function.
	
	
	

	Find function values, i.e. the values of the dependent variable.
	
	
	

	Find values of the independent variables, i.e. solve equations.
	
	
	

	Describe and use the behaviour of a range of different functions.
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Heart rate


Heart rate of adults for different ages.


age�
20�
30�
40�
50�
60�
�
Heart rate (BPM)�
120�
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108�
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96�
�






Price of bread


The price of bread as it changes over time.


year�
1�
2�
3�
4�
�
Price of bread (cents)�
205


�
225�
247�
271�
�






Dropping a stone from a building


Time taken for a stone to drop to the ground for different distances


Time (s)�
0�
5�
10�
15�
20�
25�
�
Distance fallen (m)�
0�
5�
20�
45�
80�
125�
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Bus problem


Cost of a bus changes as the number of people to be transported changes


number of


 people �
1�
2�
3�
4�
5�
�
cost �
1200�
600�
400�
300�
240�
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From the graph it seems like one of the solutions to the equation x3 - 3x +1 = 0 is close to -2.





I guess that the solution is approximately –1,9. I can check this solution by substituting x = -1,9 into x3 - 3x +1. If my answer is 0, then –1,9 is a solution of the equation.





For x = -1,9, x3 - 3x +1 = -0,159. So x =-1,9 is not a solution. 





Let me try x = -1,8. Now x3 - 3x +1 = 0,57. This means that the solution lies somewhere between –1,9 and –1,8.





Let me now try x = -1,85. Now x3 - 3x +1 = 0,22
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