Unit 29 
Trigonometric identities

This unit has lots and lots Eq Editor objects. The existing equations as submitted by the author are unfortunately of 3 types (you can see it if you right click):

· some are just “objects and cannot be edited. If they are OK, you can copy and make a gif. If they are not OK, make a new Eq Editor.

· some are Eq Editor – they can be edited

· some are MatheType 5 objects and cannot be edited if you do not have math Type. If they are OK, you can copy and make a gif. If they are not OK, make a new Eq Editor.

A note on convention:

We write sin ( with a space between the function and the angle.

In cos A, we handle A as a variable, so it is italics.

Of course tan ( in html the ( will automatically be italic, so it must also be italic in Equation Editor.
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1.
Introduction:

In this Unit we deal with trigonometric identities. These identities are particularly useful in doing the algebra of trigonometry. In this application of the identities complex expressions are simplified and converted into different equivalent forms. This algebraic nature of trigonometry is taught at secondary school level, not only as a stepping stone towards further tertiary studies, which may require some form of trigonometry knowledge, but also as a tool to develop learners’ logical reasoning. 

Often learners don't know how to start to prove an identity without any hint, even if they know every trigonometric formula. In this unit we will explore some general ideas to prove an identity, and in doing so provide an opportunity for you to pass this on to your learners, in order to improve their mathematics problem solving skills
The usual approach to identities is the memorisation of the basic identities with little or no reference to the graphical meaning of the identities.  The learners are then expected to be able to substitute and manipulate to prove given more complex identities. In this module we will try to give some graphical interpretation of the use of identities.

Outcomes box

Outcomes

After working through this unit you should be able to:

· Define the concept identity.
· Derive the square identities using the Pythagorean theorem.
· Identify graphically whether a function is odd, even or neither.
· Derive the co-function identities using similar triangles.
· Understand the graphical implications of the use of identities and how they are derived

· Develop a set of problem-solving guidelines, and to institute methods of pattern-matching shortcuts to simplify identities

· Apply the product, double- angle, half angle rules to identities.
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2.
Elementary identities

2.1 What is an identity?
We should be clear about the nature and the difference between an identity an equation. ;earners often confuse the two concepts and the corresponding problem types. Here are two examples:
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 is an identity: it  is true for all values of the variable. Mathematicians write 
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 (for all x, it is true that …). The usual problem type is to prove that the identity is true for all values of the variable.
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 is an equation: it is true for only some values of the variable (here x= -0,5). Mathematicians write 
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 (there exists some x such that …). The usual problem type is to solve for the variable, i.e. find for which values of the variable the equation is true.

Now look at these two examples:

Do you agree that 
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 is true? Is it true for all values of x?

Do you agree that 
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 is true? Is it true for all values of (?

The first one is true for all values of x except x = 0 and the second for all values except ( = 90( + 180(k, k ( Z. Instead of saying these relationships are not true, we rather exclude these values. So we need to refine our definition of an identity:

An identity is true for all permissible or sensible values of the variable.

Note: When we prove that an identity is true, we also have to say which values are excluded (i.e. for which it is not true).

Before we explore some new identities, we will recap some identities that have already been covered in earlier units 
note
put next to each other

	Reciprocal identities:
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	Quotient identities:
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	Negative angle
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end note
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2.2 Application of reciprocal and quotient formulae:

Let’s examine our approach in the following example:

Prove that 
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Before we attempt to prove this we consider the first two rules regarding working with identities:

Suggestions for proving identities:

1. Do not assume the LHS = RHS. Start with one side and manipulate it, until you get the identity on the other side, or simplify one side as far as you can, then simplify the other side until you arrive at the same expression. 

2. Using the basic identities, simplify the more complicated expressions.

First proof

Write down your solution for the question:  Prove that 
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Here is our solution:

   LHS
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So we have proven the identity!

The approach used in the solution above brings us to another common route taken when working with identities:

Suggestions for proving identities: 
3. Rewrite both expressions in terms of sine and cosine and simplify.
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2.3 Graphical interpretation

We can interpret an identify identity like 
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 graphically by thinking of the LHS and RHS separately as algebraic expressions, and therefore draw two graphs, e.g. 
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Indeed, an identity consists of two equivalent expressions, meaning that they have the same values for the same values of the variables.
But what does it mean graphically? 
Click on the button below to open the Graph applet, in which the two graphs are already drawn. 

applet  Graph applet pop-up tool on web
[image: image156.png]Graph applet
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What do you observe?

If two expressions are equivalent, their graphs fall on top of each other!

Note: When such two expressions are equivalent, i.e. if the identity is true, you will see only one graph, not two, because the graphs fall on top of each other!
Now use the Graph applet to test whether the following are identities, and reflect carefully on what you see. Also explain how the graph(s) show us for which angles the identity is not true (is not defined).

1. 
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4. 
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Note: x here not italic
Note: You must use function notation when entering a trigonometric function, e.g. sin(x), you must use x as variable, and you must enter 
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  as (sin(x))^2. 

Also note that the applet works in radian angle measure, so sin(90 – x) must be entered as  sin(pi/2 –x).

End, x not italic
Click here for a discussion:

Button: Discussion

Discussion

In a graph like tan x, it is clear to see where the function, or expression is not defined.
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In an example like 
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 , however, you may not immediately see it. The interesting thing is that when if you zoom in (draw a rectangle on the canvas at sin x = 1, repeatedly), you may in the end see a discontinuity  exactly at the point where the function is not defined, i.e. where the identity is not true.
Image Insert Discontinue.gif, place next to text
CLOSE WINDOW
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3. 
Pythagoras Again!

In our discussion on trignometric identities, we first revisit one of the most celebrated and used of the trigonometric identities, the Pythagorean identity. 

Image  I think you will have to make this image, this one is not good enough …PLACE NEXT TO TEXT
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(Paper-based activity)

Activity: Pythagorean identity 1
Use the Pythagorean identity 
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Button: Solution

Pop-up: Solution: Pythagorean identity
Solution 
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 (End Paper-based activity)

Note: In this proof, we used a different strategy: start with something that is true or start with what is given and reason from there to the required result.

From this identity, we can build two related Pythagorean trigonometric identities, which relate tan
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 to sec
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and cot
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(Paper-based activity)

Activity: Pythagorean identity  2
Yvonne: below, I think make Equation Editor gifs for the whole tan theta, sec theta,  …, and not just for theta!

From the identity 
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Button: Solution

Pop-up: Solution: Pythagorean identity 2
Solution
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(End Paper-based activity)

It is left for you to similarly derive the third identity regarding cot
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 and cosec
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Pythagorean Identities: 
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END NOTE

(Paper-based activity)

Activity: Pythagorean identity  3
Now, use these identities to prove that 
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, and then from examining your solution, are there any further suggestions that you can suggest to your learners for proving identities? 

Button: Solution

Pop-up: Solution: Pythagorean identity 3
Solution  
   LHS

=
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This identity is invalid when 
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(End Paper-based activity)

Here are some suggestions to add to the list: 
4.  Whenever second or higher powers of cos(x) occur, use the identity: cos2 x = 1 – sin2 x to convert them to powers of sin x.

5. Difference of two squares is very useful in factoring (perhaps go through some other forms of factorisation: trinomial, grouping etc.)

6. Note any restrictions on the variables
The “conjugate trick
Prove that 
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Now what kind of a strategy would you employ here? 

It would seem as if none of the strategies which we have developed thus far can be employed. Both sides are already as in terms of sin and cos. Neither sides looks the least complicated, so we are seemingly at a dead end, or are we? This is probably the chain of thought your learners will experience when faced with this problem. The solution involves using the “conjugate step”.

First we clarify the term conjugate with  the aid of an example:

The conjugate of 
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Now, the “conjugate trick” involves multiplying out terms in an identity by its conjugate to produce a difference of two squares, which hopefully will lead to some square identity which can then be reduced or manipulated further. 

Thus our identity: 
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 can be easily proved using the “conjugate step” conjugate trick.

RHS
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If you started with the LHS, what conjugate would you use? Do it, and compare the two methods!
 (Paper-based activity)

Activity: Pythagorean identity  4
Prove this identity: 
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Button: Solution

Pop-up: Solution: Pythagorean identity 4
Solution  
RHS
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End of solution

(End Paper-based activity)

Now, we can add using this “conjugate step” to our list of suggestions: 

Notes

Suggestions for proving identities: 

1. Do not assume LHS=RHS. Start with one side and manipulate it, until you get the identity on the other side, or simplify one side as far as you can, then simplify the other side until you arrive at the same expression. 

2. Using the basic identities, simplify the more complicated expression
3. Rewrite both expressions in terms of Sine and Cosine and simplify. 

4. Whenever second or higher powers of cos x occur, use the identity cos2  x = 1 - sin2  x to convert them to powers of sin x.

Note make a gif, so that it does not break over a line!

5. Difference of two squares very useful in factoring (perhaps go through some other forms of factorisation: trinomial, grouping etc.

6. Note any restrictions on the variables
7. Apply the “conjugate step” if necessary. 
End Notes
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4.  Co-function identities 
In this section we look at a way to motivate the co-function identities, using similarity and right-angled triangles. That means that the angles are acute. We will later use the angle sum identities to derive the co-functions identities for any angle.

Applet – unit circle in html, see my web, place next to text
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In the diagram, CF is a tangent to the circle at A, so 
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 is a right angle. There are three pairs of similar triangles in the diagram. From which similar triangles can you deduce each of these?
a. 
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Now, re-writing these proportions in terms of trigonometric ratios, we have:

a. 
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c. 
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Same numbering and spacing as proportions
Because 
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a. 
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Same numbering and spacing as above
(Paper-based activity:)

Activity: cosecant 
From b. above, deduce an identity relating cosecant and secant.
Click here for the solution:

Button: Solution
Pop-up:  Solution: 
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We can now summarise all the co-function identities:

Note

The co-functions
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end note
Comments with mail: Activity no: Co-names
Reflect on how you understand this:

There are just three names for different trigonometric functions: sin (, sec ( and tan (. The other three functions are the co-functions of these functions, and are named accordingly: co-sin (, co-sec ( and co-tan (.

What is the meaning of “co”?
End Compare with mail
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5.
Compound angles

Many learners often think that  sin(x + y) = sin x + sin y.

How would you respond to this misconception?

This misconception arises because learners often assume that the “sin” in the equation is a number or variable, and that they can therefore multiply using the distributive property!

It is important to point out that “sin” is as a special name for a special function; it is not a number!

One can also compare the values of the LHS and the RHS in special cases, e.g. 
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End Note

Let’s revisit the proof for the co-function identities.

If we wanted to prove that 
[image: image79.wmf]x

x

sin

)

90

cos(

=

-

, we can use the difference formulae for the cosine function as follows: 

 
[image: image80.wmf]x

x

x

x

x

x

sin

sin

.

1

cos

0

sin

90

sin

cos

90

cos

)

90

cos(

   

=

+

=

+

=

-


Now similarly, you can formulate proofs for the other co-function identities, which we discussed earlier.  

(Paper-based activity:)

Activity: Applying the formulae 
Here are two typical applications of the compound identities. Answer the questions, and list any further suggestions which you could add to the list that we are developing, which might help your learners to solve this task:

a.
Prove that 
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b.
Without using a calculator, evaluate 
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Click here for the solution:
Button: Solution
Pop-up: Solution: Applying the sum and difference formulae
a.  Simplify the LHS by expanding sin(A+B) and sin(A-B):
   
[image: image83.wmf]B

A

B

A

B

A

B

A

B

A

B

A

sin

cos

cos

sin

sin

cos

cos

sin

)

sin(

)

sin(

-

+

=

-

+


    Divide numerator and denominator by cos A cos B:
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 (End Paper-based activity)

(Paper-based activity:)

Activity: Prove the identity 
Prove the identity: 
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 using the following: 

Proof: 
IMAGE    MAKE IMAGE AND PLACE NEXT TO TEXT, AS SMALL AS POSSIBLE TO FIT! Note leave space in sin A and cos A and place the angles marked B top-right better
Take a rectangle XYZW in the vertical plane with XY and WZ horizontal. 
Let the diagonal XZ be of unit length 1. 

Let angle ZXY =angle A . 
Then tilt the rectangle anti-clockwise at an angle B.
Now complete the proof!

Click here for the solution:

Button: Solution
Pop-up: Solution: Prove the identity
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Consider the height of ZL:
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Close window

(End Paper-based activity)

page

6.
Double and half angle identities
We can now  easily deduce identities for double angles from he compound formulae:

Note 
align top!
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End Note 

(Paper-based activity)

Activity: Triple
Prove that 
[image: image94.wmf]A
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.  List any further suggestions to assist your learners in solving this task.

Button: Solution
Pop-up: Solution: Applying the sum and difference formulae
Place next to each other as shown

	Steps in proving the identity:
	Suggestion to learners:

	LHS
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	We start with the least complicated side, 

because the  RHS is already simplified.

Suggestion: Use the compound angle identities to simplify everything into single angle identities.

Note : That the RHS is expressed in terms of the cos function only, so we also re-write the “sin” in terms of “cos”, i.e. we reduce everything to just one trigonometry function,.


(Paper-based activity)

Activity: Double angle formulae
Prove that 
[image: image97.wmf]2.cosec(x)

 

 

)

2

x

cot(

 

 

)

2

x

(

tan

=

+

.  List any further suggestions to assist your learners in solving this task.

Clink on the button below to view the solution:

Button: Solution
Pop-up: Solution 
Place proof and suggestions side by side

	Proof:
	Suggestion to learners:

	   LHS

=
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So LHS = RHS
	Write everything as sin and cos.
Find the common denominator and add.

Simplify, using square identities.

Use the multiple angle identities to rewrite everything into ratios of just one angle : i.e. 
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 (End Paper-based activity)

From the double-angle identities, one may easily generate the “half-angle formulas”, e.g.
take the double-angle formula 
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Now, set 
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It is now left for you to prove the rest of the half-angle formulae on your own. 
Note
Half-Angle Formulas: 
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End Note

Since we now know an equation that gives us 
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 is known, we can calculate a number of expressions accurately, without using a calculator or tables, that involve angles other than the three special angles: 
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(Paper-based activity)

Activity: Evaluate
Evaluate each of the following without the use of a calculator (but use your calculator to check your answer):

a. cos 15(
b. sin 15(
Clink on the button below to view the solution:

Button: Solution
Pop-up: Solution 
Solution
a. 
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b.  
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(Paper-based activity)

Activity: try these
Prove these identities:
a.   
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b     
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(Paper-based activity)
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7. Products

We have already seen that
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Adding these two equations we have: 
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Now put A + B = x 

               A – B = y
Adding these two equations it follows that: 
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Similarly 
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Substituting equations 2 and 3 into equation 1, we have: 
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This is a useful identity to express a sum as a product, or vice versa.

We can develop the other sum to product identities similarly.
Note

Sum – product identities
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End Note

Now we will express the following sums as products:
a.  
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b.  
[image: image128.wmf]cos5cos3

qq

+


Solutions: 

a.  
[image: image129.wmf]64

sin5sin2sincos2sin3cos2

22

qq

qqqq

+==


b.  
[image: image130.wmf]82

cos5cos32coscos2cos4cos

22

qq

qqqq

+==


(Paper-based activity)

Activity: Double angles 
Express the following sums as products:
a. 
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b. 
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Click on the button for the solution:

Button: Solution
Pop-up: Solution
Solution
a. 
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b. 
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(End Paper-based activity)

(Paper-based activity)

Activity: Double angle2 too
Prove he following identities:
a. 
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b. 
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Click on the button for the solution:

Button: Solution
Pop-up: Solution
Solution
a. Use the identity 
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b. 
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(End Paper-based activity)

page

8. Wrap Up

Note

Suggestions for proving identities: 

1. Do not assume the LHS = RHS. Start with one side and manipulate it, until you get the identity on the other side, or simplify one side as far as you can, then simplify the other side until you arrive at the same expression, i.e. use If a = c and b = c, then a = b. 

2. Using the basic identities, simplify the more complicated expression.
3. Rewrite both expressions in terms of sine and cosine and simplify. 

4. Whenever second or higher powers of cos x occur, use the identity
cos2 x = 1 – sin2 x to convert them to powers of sin x.

5. Difference of two squares is very useful in factoring (perhaps go through some other forms of factorisation: trinomial, grouping, etc.

6. Note any restrictions on the variables.
7. Apply the “conjugate trick” if necessary.
8. Use the multiple angle identities to simplify everything into equal angle identities.

End Note

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link: Link to just Outcomes on page 1
 (Multiple choice)

Can we get some combination of activity style here? I want multiple Choice for variety, but I also want to supply the answer, not just “Well done”. And the answer has mathematical notation!?

Select the correct answer and motivate your answer.

a. 
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Correct answer: D. Yes!
Substituting the values cos (90 – A) = sin A and sin (90 – A) = cos A in the expression, we get 
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Incorrect answer: Try again

b. 
(sin A + cos A)2 – 2 sin A cos A =

A. 0

B. sin2 A – cos2 A
C. 2

D. tan A
E. 1

Correct answer: E. Yes!

(sin A + cos A)2 – 2 sin A cos A = sin2 A – 2 sin A cos A + cos2 A – 2 sin A cos A = sin2 A + cos2 A = 1

Incorrect answer: Try again

c. 
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A. sin2 A

B. cos2 A

C. 0


D. sin2 Acos2 A

E. 1

Correct answer: E. Yes!
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Incorrect answer: Try again

d.  
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A. sin2 A cos2 A

B. cos2 A

C. 
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D. 
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E. 1

Correct answer: C. Yes!
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Incorrect answer: Try again

(Paper-based activity)

Activity no: Prove
Prove the following identities:

a.
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c.
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Clink on the button below to view the solution:

Button: Solution
Pop-up: Solution 
Solution
These are “objects, not editable in Equation Editor. So either use as is, or redo. Note that LHS = , RHS = must be aligned with rest.

a.
LHS
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RHS =
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b. This Equation Editor object
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provided x ( 180(k
This a Mathtype object, not editable in Equation Editor. So either use as is, or redo. Note that LHS = , RHS = must be aligned with rest.

c. LHS
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provided x ( 180(k
(End Paper-based activity)

(Drop down list with print, mail and save)

Number it as an activity following previous
Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	To define the term “identity”.
	
	
	

	To derive the square identities using the Pythagorean theorem. 
	
	
	

	To identify graphically whether a function is odd, even or neither.
	
	
	

	To derive the co-function identities using similar triangles. 
	
	
	

	To understand the graphical implications of the use of identities and how they are derived.
	
	
	

	To develop a set of problem-solving guidelines, and to institute methods of pattern-matching shortcuts to simplify identities.
	
	
	

	To apply the product, double- angle, half angle rules to identities.
	
	
	


End Drop down
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