UNIT 9. QUADRATIC FUNCTION

MODELS OF MOTION IN ONE DIMENSION

Note, basically, most activities are on the webpage, because I think that for these applets its best to open each activity separately. Also lots of javascript in the headers, so it makes it difficult to have several applets on one page … Of course, you should still edit these webpages -(
I this time did not number the inerts but the references are ckear and they are in he correct order …
HYPERLINKS IN LEFT FRAME
1. Overview
2.  Outcomes
3. Arrive alive
4. Pictures
5. Graphs
6. Formulas
7. Wrap-up
CONTENTS IN RIGHT-FRAME
OVERVIEW

In this unit we continue our study of the linear function, but frame it in the context of motion in one dimension. We then use the motion context to introduce quadratic functions as models of constant accelerated motion. 

We can model motion using tables of values, graphs or algebraic formula. These representations of the model are much more powerful tools to solve problems than the concrete situation itself.

In this unit we will use visual pictures (animations) of concrete situations involving motion in one dimension (we look at motion in two dimensions in the next unit). The pictures serve as dynamic visualization helping out qualitative interpretation. But the pictures are also sources of data which we can analyse quantitatively– we can find data from the picture animations through measurement, but the technology can itself make measurements for us in various ways, e.g. in tables. 

We present this unit not in lecture-mode, but mainly as a sequence of interactive activities. We hope that this may help participants to view known content from a different perspective and that it may maybe give us new insights into the underlying content.

Here is an orientation example:

In the applet below, first click on “Load data” and then on “(re)start)”. It shows an animation of the motion of two monster trucks, while the graphs of the motion are drawn in real-time. Position is given in metres and time in seconds. Exactly where (position) and when (time) does the red truck pass the green truck?

Do you want to try it now?

Note that if you click in the picture, the x-y co-ordinates are shown, and if you click in the graph, the t-x co-ordinates are shown. Also, if you right-click in the graph, a new window opens which you can resize and maximize to zoom in on the graphs. Try it now?

LINK TO ORIENATION.HTM ON WEB
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NOTE:
These applets are different from previous: Each of these applets have script in the <head> and applets in the body. I do not want to try to put more than one applet on a web page, so I am “supplying” each one as a separate webpage, from links in the main page ….
It probably is advisable to have most applets open in a separate window, which can be smaller pop-up …
Also note that the applets have several*.jar files, a *.js file and there are also several pics. For simplicity I have put everything in the same folder. You may probably want to put the jars and pics in separate folders, but then the relative references will have to be changed everywhere!
If needed, I can specify them and/or put them together in a separate folder
IF I MISSED UPLOADING SOMETHING, PLEASE SHOUT!
NOTE – although I am sending most work as htm pages, you can or should change the layout as you please – JUST BE CAREFUL NOT TO MESS UO THE JAVA/JAVASCRIPTS!!  (
OUTCOMES:

After working through this unit you should be able to:

· Model one-dimensional motion in tables, graphs and formulae.

· Identify whether a motion is linear (constant speed) or quadratic (constant acceleration).

· Interpret numerical, graphical and algebraic representations of motion.

· Transform between different representations of motion, in particular, find algebraic formulae from tables and graphs of motion.

· Solve problems involving motion numerically, graphically and algebraically.

Link to next
NEW PAGE
3. ARRIVE ALIVE!

DON’T FOOL YOURSELF – SPEED KILLS!

The following excerpt from the Department of Transport’s Arrive Alive webpage frames our context:

Let's suppose that you are travelling through a built up area and a child steps off the pavement 35 metres in front of you. At 50km /hr (the recommended speed) you would stop with 9 metres to spare. At 60km/hr (the speed limit) you would only have 2 metres to spare. At 70km/hr, the child would be dead.

How does this happen? It's simple. Average reaction times vary between 0,8 seconds and 1,8 seconds. The best case scenario (0.8 seconds) has the 70km/hr driver travelling 11,4 metres before starting to take action to avoid a hazard. In the worst case scenario (1.8 seconds) 34,2 metres have passed before the brakes are applied!

. (If you are interested, see this link to the Arrive Alive website:

http://www.transport.gov.za/projects/ccf-f.html
Live external link
1. Does it make sense to you? Can you check the claims about speed and distances?

   Check the statements:

· At 70 km/h and a reaction time of 0,8 s, the reaction distance is 11,4 metres.

· At 70 km/h and a reaction time of 1,8 s, the reaction distance is 34,2 metres.

What is he mathematical model?

Click here to check your answer:

Hyper answer:
They are wrong!

The model is Distance = speed ( time

One should be careful in converting from km/h to m/s!

2. Complete this table . What patterns do you see?

Distances covered in different times by a car driving at a constant 70 km/h:

	Time (seconds)
	0,8
	0,9
	1
	1,1
	1,2
	1,3
	1,8
	2

	Distance (metres)
	
	
	
	
	
	
	
	


One of the crucial causes of accidents is too small a following distance between cars, which relates to stopping distance.

People do not seem to realise that the time taken to stop a car after we become aware of a dangerous situation consists of two parts: the reaction time before we start breaking, and the braking time once we start breaking until the car comes to rest.

3.  You should answer these two questions:

a) What is a safe following distance?

b) The average braking distance at 70 km/h is about 25 m. Jason says that, therefore, for a car travelling at 140 km/h, the breaking distance is about 50 m. Do you agree?

The motion during these two times are different:

· During reaction time the car is moving at a constant speed, so the model for motion is a linear function.
· During breaking time the car goes slower and this is modeled by a quadratic function.

We will analyse the difference …

Do the following two activities,  but do not spend to much time on it, it is just an orientation!
Stopping distance           Reaction time
Links to activities
Activity 1: Stopping distance 

There are 10 cars in a row, all moving in the same direction with the same speed. 
You are the  driver of the second car. 

When the first car brakes, its colour will turn from yellow to red, left-click in he applet to stop your car.

QUE.JPG ON WEB
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You reaction time in breaking will determine if an accident will happen or not (and how many cars will be involved in the incident). The applet takes the average reaction time (delay before braking) of the other drivers as 0,5 seconds (i.e. randomly between 0,4 and 0,6 seconds.

The graph show the speed vs time for all the cars. If the car turns red, you know what happened to it! Try to understand the meaning of the graph!

You can change the speed unit to km/h, you can change the speed, and you can vary the following distance d between cars. Your challenge is to find a relationship between the speed and a safe minimum following distance.

At first keep the friction coefficient (r) of the tire and the road at 0.8 – this is a good value for normal dry conditions. Later you can change r to 0,2 for slippery roads and see what is its impact.
Now click here to open the activity in a separate page:

Link to carAccidentS.htm on web
And from there back here!
After completing the activity, click here for some comments:

Hyper comments:
The following are experimental values, which of course depends on a person’s reaction time:

	Speed
	Following distance

	80
	14

	90
	15

	100
	17

	110
	18

	120
	20


First, we notice that the minimum safe distance varies with the speed – you need a larger distance between the cars at 120 km/h than at 100 km/h. So the following distance is a function of speed! What kind of a function?

Do you see patterns in the table? If we analyse it, we can model it with an algebraic formula which is approximated by 

Following distance =  0,2 v where v is the speed

So the following distance is reaction time x speed, a linear formula of the form
y = kx.

It is assumed that you and the car in front of you can stop in the same time (distance) – this is shown by the parallel lines in the graph in the applet.

The Arrive Alive project advises to keep a following distance of 2 seconds. The average reaction time of driver’s is about 1, 5 seconds So, if your reaction time is 2 seconds, you will be able to stop in time at any speed in good conditions.

Activity 2: Reaction time

In his activity you can again test your reaction time and see the difference between reaction distance and braking distance.

Click here to go to the activity:

Link to ReactionTimeS.htm on web
Click here for comments:

Hyper comments:
As can be seen from he graph in the applet, the breaking distance is a quadratic function which can be approximated by 

Breaking distance = 0,005v2, where v is the speed just before braking.

We ask again: If the average breaking distance at 70 km/h is about 25 m, is it true that for a car travelling at 140 km/h, the breaking distance is about 50 m?

You can use this calculator to check it:

APPLET Calculator on web:
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The behaviour of a quadratic function is quite different to hat of a linear function! 

So the total stopping time is given by a quadratic formula like:

Total stopping distance (in metres) = 0,6v + 0,005v2 where v is the speed in km/h
Now complete the following table and describe patterns in each column which is characteristic of the type of model. For which models is the function value at 120 km/h double that at 60 km/h?

	Speed ( v km/h)
	Following distance (1,5v)
	Reaction distance (0,6v)
	Braking distance(0,005v2)
	Stopping distance

	60
	
	
	
	

	70
	
	
	
	

	80
	
	
	
	

	90
	
	
	
	

	100
	
	
	
	

	110
	
	
	
	

	120
	
	
	
	


4.  PICTURES OF MOTION

This section gives an orientation in understanding the basic ideas about studying motion with a view to describe it quantitatively, i.e. to model it mathematically.

Click on each activity to open it on a new page.

Put all activities together, with links to separate pages and from their back here!
Motion picture

Link to MotionPicture.htm
Blue Ball

Link to MotioNWithX.htm
Picture-Equation 1

Link to Physletsa.htm
Picture-Graph-Table

LINK TO PicturegraphTable.htm
Picture-Equation 2

Link to Physletsb.htm
5. GRAPHS OF MOTION

Click below to open each activity in a separate window:

A feeling for graphs

hyperlink to draggraph.htm 
Monster trucks

LINK TO TrucksAC.htm

More monster trucks

Hyperlink to ComparePositionqUADRACIEXPLORE.htm 
Motion the city!

hyperlink to City.htm 
Crossings

Link to Overtake.htm
Monster equations 1

Hyperlink to EnterDataGraph.htm
Click here for answer:

Hypertext pop-up answer:
The gradient is the speed of the truck (distance/time gives the rate of change of distance over time, i.e. the speed of he truck. The y-intercept is the position at time t = 0.

Monster equations 2

Link to EnterDataGraphQuadratic.htm
What’s that graph!?

Link to Physlets2.htm.htm
6.  FINDING FORMULAS

In this section you will do several activities to develop and reinforce your expertise in modelling linear and quadratic motions with algebraic formulas.

Activity: Predicting

Link to DatatableMan.htm-
Quadratic functions

Link Quadratic equation.htm
Truck and trailer 1

Hyperlinks to TruckTrailer.htm  
Truck and trailer 2

Link to  TruckTrailer2.htm
Click here for a discussion before continuing

Hyper Click discussion
We can summarise the characteristics of accelerated motion as follows:

Model:

Accelerated motion (this includes retardation (going slower), i.e. negative acceleration is modelled by a quadratic function.
Algebraically:

The formula is of the form y = ax2 + bx + c

Referring to motion, the formula corresponds to he science formula
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where x is the starting position, u is the starting speed, and a is the accellaration.

This knowledge can be used to deduce quadratic motion formulae from pictures and graphs.

Numerically:

The differences between consecutive terms in a quadratic sequence (i.e. if we take discrete values of the independent variable, e.g. 1, 2, 3, .. form an arithmetic sequence. Another way to formulate this is to say that the second differences are constant. Look at this example:

	x
	1
	2
	3
	4
	5
	6
	7
	8

	x2 +3
	4
	7
	12
	19
	28
	39
	52
	67


Differences:
3
5
7
9
11
13

15

Second differences:
2
2
2
2
2

2

This is a test to identify quadratic functions! There are two converse theorems:

· If there is a constant difference, then the formula is y = ax2 + bx + c
· If the formula is y = ax2 + bx + c, then there is a constant difference

Graphically:

The graph is always a parabola.

Finding a formula from a table

Note the following method of finding a quadratic formula from a table of values.

If we find that there is a constant second difference in the table, we know that the formula is of the form y = ax2 + bx + c. We only have to find the specific values of the parameters a, b and c. Lets use the following table as example:

	x
	1
	2
	3
	4
	5
	6
	7
	8

	y
	5
	9
	15
	23
	33
	45
	59
	75


Differences:
4
6
8
10
12
14
16

Second differences:
2
2
2
2
2
2

So we know the data pairs in the table satisfies the formula, so substituting 3 pairs into the formula, leads to 3 equations in 3 unknowns and we can easily solve it through elimination:

(1, 5):
a + b + c = 5         (1)

(2, 9):
4a+2b+c = 9        (2)

(3, 15):
9a+3b+c = 15        (3)

(2) – (1):
3a + b = 4          (4)

(3) – (2):
5a + b = 6          (5)

(5) – (4):
2a = 2, so a = 1

Substitute into (4) gives b = 1

Substituting a and b into (1) gives c = 3

So out formula is y = x2 + x + 3

This method is a generalisation of the solution of 2 equations in 2 unknowns, and is very handy, also in the school curriculum. For example: Find he parabola passing through the 3 points (3, 15), (4, 23) and (5, 33).

You should now use this method to find formulae in the rest of the activities. We also provide this Matrix tool that you can use to check your work. Just enter the coefficients and press “Solve”. To test it, try our problem above, as well as the question about the parabola.
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THIS IS A JAVASCRIPT TOOL WITH LOTS OF SCRIPT  SO I PUT IT IN A SEPARATE FILE - MATRIX.HTM
From table to formula

Hyperlinks to Try.htm  
At the ice rink

Link to HockeyPuck.htm
Click for comment:

Hypertext answer
Note the positioning of the origin!

This is known as a split-domain function:

For x <=6, x(t) = 12 - 2t

For x >=6, x(t) = 1,5t(x - 6)

Fast Blue ball

Link to MotioNWithX2.htm
NEW PAGE
7. WRAP-UP

SEE Wrapup.htm on web
Work through the following activity to check whether you can do everything that the outcomes at the beginning of this unit state.
1. In each of the applets below, select "Ball Only" and then click "play" to view the animation of the red ball. Describe the motion of the ball in words (position is given in metres and time is given in seconds).
Now view the three possible position vs. time graphs A, B, and C by clicking the links. Which one is the correct graph of the "Ball Only" motion?  Give at least one reason why each of the other two graphs is incorrect. 
(a) Click to open applet (a) 

(b) Click to open applet (b) 

LINKS TO FILES – NOTE THE JAVASCRIPT IN THE TWO FILES OVERLAP, SO IT IS SAFEST TO KEEP THEM AS SEPARATE FILES.
Click here for the answer:
Answer pop-up:
(a) Graph A

(b) Graph A
2. In the given applet, view each of the animations. For each animation, find the algebraic position-time function that models the motion and draw a graph for the motion. 
Click here to open applet 2
Link to 2,htm on web
3. Click to open and solve the Yellow and Purple problem.
Now assess your own progress in the following simple matrix of the outcomes:
Radio buttons …
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Model one-dimensional motion in tables, graphs and formulae.
	
	
	

	Identify whether a motion is linear (constant speed) or quadratic (constant acceleration).
	
	
	

	Interpret numerical, graphical and algebraic representations of motion.
	
	
	

	Transform between different representations of motion, in particular, find algebraic formulae from tables and graphs of motion.
	
	
	

	Solve problems involving motion numerically, graphically and algebraically.
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