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	1. Motivation and Introduction
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Traditionally geometry has been studied in a very formal way to help learners achieve the skill of sequential thinking.  In general, though, it is felt the study of synthetic geometry has not been very successful in bringing about this skill.  Nevertheless, geometry is an important branch of mathematics and therefore should still be part of the curriculum. 

We need to explore a different way of studying geometry. A possible way is to adopt a problem solving and investigative approach. Instead of having to prove statements formulated by the textbook, we can find out important theorems for ourselves! Using such an approach enthuses learners and provides a springboard for further discussions, questions, and enriching arguments. This gives learners a chance to make and test their own ‘guesses’.

This approach involves continual reflection on what the goal of the activity is, continually asking what was done, what works, what does not work, what errors occurred and how I can improve my working and my results. 

We will illustrate the approach in three different contexts:

· Solving a real-life practical problem
· An investigation in pure mathematics
· Geometry through art.
Make links
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Why do you think Euclidean Geometry should be taught in our schools? 

What do you think are some of the biggest problems that learners face when dealing with Euclidean geometry? 

	2. Outcomes


After working through this unit you should be able to:

· define terms used in circle geometry

· employ investigative strategies to explore geometric problems

· understand and apply solution strategies for solving routine geometric problems.

MAKE A LINK TO GO TO NEXT PAGE, I.E. 3, DEFINITIONS
LIKEWISE FOR OTHER SPECIFIED INTERNET PAGES
Internet page 2
	3. DEFINITIONS OF TERMS:


Before we continue, let’s make sure of the terminolgy we will use.

Def1.wmf- 
In all cases, please place sketch/applet NEXT to text!
	· The circle is called Circle O – identified by its centre.

· The size of the circle is determined by its radius OA = OB = OC = OD.
· AB is a chord of the circle.
· The curves ACB and ADB are arcs of the circle. We call ACB the minor (smaller) arc and ADB the major (larger) arc.
· A segment is the area enclosed by the chord and the arc. [image: image39.wmf]Perpendicular bisector of BC
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ACB is the minor (smaller) segment, and ADB is the major (larger) segment.
When are the two arcs or segments be the same size?

How will you describe the diameter of the circle?


Applet 1
	[image: image40.wmf]
A line can cut a circle in 2, 1 or 0 points. Do you agree?

If a line cuts the circle in 2 points, it is called a secant.

If a line cuts the circle in only 1 point, it is called a tangent. (A tangent touches the circle.)
Click, hold and drag each of the red points in the sketch …. When does a secant become a tangent? Move the secant so that it falls exactly on the tangent.

Clear here for instructions on how to interact with the applet
Live link to AppletHelp.htm.


Applet2
	[image: image41.wmf]Show Segments 2

Show Radii

Show Segments

Show Arcs

Two circles that touch at one point only, share a common tangent.             

Click, hold and drag each of the red points. What do you observe?


Applet 3

	[image: image3.wmf]Two circles that intersect in two points, share a common secant.
Click, hold and drag each of the red points. What do you observe?


Applet4

	[image: image4.wmf]
Concentric circles have the same centre.

Do you agree that circles that intersect in 0 points are concentric?

Click, hold and drag the centre of the circles, or click the Move button – what do you observe?


Applet 5
	[image: image42.wmf]
Concyclic points: Four or more points through which a circle can be drawn

Cyclic quadrilaterals have all four vertices on a circle.

Click, hold and  drag the red points. Is ABCD a quadrilateral for any position of A, B, C and D?



Applet 6
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 is the angle subtended by the minor arc AEB on the circle. We say that 
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 is an angle in the segment of the circle subtended by the chord AB. It can also be described as an inscribed angle of the circle ACB.
Click, hold and drag point D around the circle, or click the Animate button. How will you describe 
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 when D is on the minor arc AEB?
Is 
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 subtended by the minor arc AEB equal to 
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 subtended by the major arc AEB? What is the relationship?



MAKE A LINK TO GO TO NEXT PAGE, I.E. 4, BUILDING A SHELF
Internet page 3
	4. Building a Shelf


The following problem solving activity is based on a situation that may confront a carpenter. It requires a deep understanding of some of the geometry theorems covered in grade 11.  The activity demonstrates an application of geometry, knotted with constraints faced in ‘real-world’ problems.
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	PIC 7
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Investigate ways to cut a neat and accurate curve for the shelves.  A neat and accurate curve could be the arc of a circle joining A and B. 




Write down two attempts at finding an arc between A and B. Elaborate on the difficulties encountered and the errors that may have occurred. Type your solution in the box below.

{Insert write box}
Internet page 4
Here is a solution that one carpenter used for you to work through:

In order to draw an arc through A and B, extend AC and use the theorem of Pythagoras.  Write down all your working and draw a finished diagram. 

{Insert write box}
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Compare your solution; click on the button to see one solution.
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Hypertext Solution:                

PIC8.wmf
Extend AC to E and join BE. 

Introduce symbols: Let CE be x.

Work backwards, i.e. imagine the circle is already drawn through A and B. Then 

(40+x) = r.   Why?

Thus, by Pythagoras                                   
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So the centre E of the circle that passes through A and B is at a point 65 cm away from A and from B.  

The theorem of Pythagoras yields one solution, but can you find any other possible solutions?  Investigate other possible solutions and write down all your attempts including the ones that did not work.  Also write down any other observation you have made that you think may be useful to the investigation. 

{Insert write box}
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Click for a hint.
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Hint:

· Place your compass point on point A and draw an arc.

· Place your compass point on point B and draw an arc with the same radius, so that the two arcs intersect. 

APPLET 9


Once you have found one solution, on the same diagram find another 4 or 5 solutions.

How do the centres, that generate each of the arcs AB, lie in relation to each other?

Type in your answer in the box below:

{Insert write box}
Hypertext Solution:

They all lie on a straight line.

Consider the chord AB and the line joining all the centres.  In what way do these two lines relate to each other?

Solution:
The line through the centres bisects the line AB at right angles.

Remember at the beginning of the unit we spoke about the importance of reflecting during the process of an investigation.  Let us now reflect!  But remember that reflection should be an ongoing process throughout an investigation
Write down what you have done so far indicating all the new things that you have learned in the process of the investigation.

{Insert write box}

We have just demonstrated that all the centres lie on a straight line and this line bisects the chord joining A and B at right angles.  This is a prelude to the grade 11 theorem that says, “The perpendicular drawn from the centre of a circle to a chord bisects the chord.” 
Now let us carry on with our investigation.  From the process above we found out how to find the centre of a circle that will pass through A and B.  Remember though we want to design a shelf so we need to think about the shape of the arc.  So what we will investigate now is how the arc has changed in our different solutions, and what caused the change.  
Describe how the arc between A and B has changed in all your solutions.  Also explain why you think this is the case.

{Insert write box}
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Compare your solution: 

Solution:

The arcs are fatter or flatter.  The closer the centre is to the arc the fatter the arc becomes and the further the centre is from the arc the flatter the arc becomes. 

In the applet below, click, hold and drag Point Q along the perpendicular bisector to view changes in the circle.

 APPLET10
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Keeping in mind that our ultimate goal is to design a shelf are all the arcs between A and B going to be possible for our shelf?  Try to think of situations where we will not be able to cut a neat and accurate arc, and write your ideas down below: 

{Insert write box}
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Compare your solution:

Solution:

We have noted that as we shift the centre the arcs become flatter or fatter.  At some point the arc will spill outside the wooden block.  When this happens we can no longer cut a neat and accurate arc to front our shelf
We have seen in the solution above that at some point the drawn arc spills outside the wooden block.  This gives rise to another investigation.  This time we want to know if can we fix a point –a particular centre-  so that if we choose any centres closer to the chord AC our arc will spill outside the wooden block.

Investigate whether you can find this point, lets call it the limiting condition.  Describe the approach you used.

{Insert write box}

Click here for a hint 

Hypertext Hint:

Look at when one of the sides of the block of wood becomes tangent to the arc. 


Compare your solution: 

Solution:

The interesting thing is that the limiting condition occurs at the first solution that was presented, i.e. the arc drawn using Pythagoras’ theorem.  In other words the centre must be at 6.5 units from A and C.

So the limiting condition occurs at r = 65 cm   Can you explain why the limiting condition occurs when r  = 65 cm?

{Insert write box}

Solution:

The longer side of the block of wood is tangent to the arc at A when the centre is at E.  This is because a radius of the circle is the line AE.  But, AE is at right angles to the 60 cm line. A tangent occurs where a line is perpendicular to the radius at the point of contact. 

Now we understand when AD becomes tangent to the arc at A.  But is it possible that the side DB can become tangent to the arc AC?

Find out where CB becomes a tangent to the arc AB. 

in the diagram above, click and dragpoint Q along the perpendicular bisector to view changes in the circle.  

Write down any problems that this situation might have for the building of the shelf.

{Insert write box}
Solution:

The line BD will be tangent to the arc AB when the centre lies on the line BC.  But this means that the arc will spill outside the block of wood above AD and therefore will not be able to be cut.

Internet page 5

At this point we need to reflect upon what we have done in this investigation.  

Write down what you did in terms of goals, what worked as well as where you made errors.

{Insert write box}

Compare your answer with some other responses:

Hypertext:

Here are some other responses: 

The overall goal of the investigation was to cut a shelf with a curved front.  I tried to find an arc joining AB, but I initially struggled to find a radius of AB.  I thought maybe a radius was one of the sides of the rectangle but I found that did not work.  After using the hint I was able to draw several arcs joining A to B.

A sub-goal of the investigation was to show that all the centres of the circle with arc AB lay on a straight line.  This was easily done once I had drawn a few arcs joining A to B.

Another sub-goal was to show that the line through the centres cut the chord AB at right angles.  This was also easily done.

The next sub-goal was a bit more difficult.  This was to find the limiting condition.  I used a trial and error method here but on using the hint I could see how the Pythagoras theorem was important to solving this problem. 

We should also reflect on the conditions of the problem, and wonder whether the solution applied only to these dimensions, or whether it applies for any rectangle. So should ask the question “What if …?”. What if we changed the dimensions? What if the rectangle was a square?

So our practical problems lead to a purely mathematical investigation!

Use the applet below to change the dimensions of the rectangle by dragging points C and D. How does it influence the solution?

INSERT APPLET 10B
 What strategies would you highlight to your learners when attempting to solve an Applied Problem?

Type in you response in the box below:

{Insert write box}


 Click here to view some suggestions.

	Hypertext: 

Solving an Applied Problem

· First convert the problem into mathematical language. (e.g. introduce symbols, formulate equations and relationships)

· If possible, start by drawing a sketch. 
· Label it with all the quantities mentioned in the problem. If a quantity in the problem is not a constant, name it by a variable. 
· Identify the goal of the problem. Describe the goal of the problem mathematically.

· Then complete the conversion of the problem into mathematics, i.e., find equations that describe relationships among the variables, etc

· Solve the mathematics problem you have generated, using whatever skills and techniques you need 

· As a final step, you should interpret, check and validate the solution of the mathematical problem back in its practical context, so that you have now solved the original applied problem




Internet page 6
	5. Investigating Some Properties of Circles


Explain under what conditions a circle can be drawn through two points.  

Write down the process that you used to find your answer.

{Insert write box}


Compare your solution:

	Hypertext answer: 

There are an infinite number of possibilities for drawing a circle through two points.

Remember in ‘Building a Shelf”, we needed to find the circles through the two points on our block of wood. To find all the possibilities, the perpendicular bisector of the line joining the two points must be constructed.  

Now, any point on the perpendicular bisector is equidistant from the two end points A, and B. (This is easy to prove using congruency.)

The centre of the circle through the two points, must lie somewhere on the perpendicular bisector.  

Click on the red dot, and while holding down the mouse, drag it up and down to view the circles through the two points A and B.

Click here for instructions how to interact with JavaSketchpad applets.
Live link to AppletHelp.htm
Applet 12
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Now we have shown that an infinite number of circles can be drawn through two points, we want to know what will happen if we increase the number of points.  So lets start by asking what will happen if we have three points.

Investigate the number of circles that can be drawn through three points. 

Write down the process that you use in this investigation.   In other words, explain if you use trial and error, or other methods, how these methods worked, and what strengths and weaknesses were apparent with each method you used.

{Insert write box}

Compare your solution. Click here:

Pic13.WMF
	Hypertext answer: 

To find the centre of a circle, find the perpendicular bisectors of at least two line segments joining the three points. 

The point of their intersection is equidistant from the other three points (can you prove it?) 

This means that a circle can be drawn with the intersection as centre and the distance as radius.

It also means that only one unique circle can be drawn through three points.




Can you always draw a circle through three points?  

Explain your answer carefully. 

{Insert write box}

Click to check your answer

	Hypertext answer:

Click on the red points in this applet, and while holding down the mouse button, drag the points around to change their positions
APPLET 13
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When the 3 points are in a straight line; i.e. they are co-linear and a circle can only pass through the two endpoints. 

Try positioning the points in the applet above so that they are collinear, to check this.

(Can you prove that the two perpendicular bisectors are now parallel?)


	6.  Assignment


You can print it and complete this assignment at home

1. Investigate drawing a circle through four points.  Write down all your attempts.  Explain what you are doing in terms of goals, what you know, what you can assume and approaches that work and approaches that do not work.  Illustrate your attempts with diagrams.   

2. In order to make an umbrella stand in the middle of my table, I need to cut a hole in the centre.  How can I find the centre of the circle? How many different ways can you find to determine the centre of any circle? 
3. Investigate the following statements.


If the statement is true, demonstrate it.  If the statement is false, explain why it is not possible. 


A circle can be drawn through: 
· The 4 vertices of any parallelogram; 

· The 4 vertices of any rectangle; 

· The 4 vertices of any rhombus; 

· The 5 vertices of any regular pentagon; 

· The n vertices of any regular n-gon.
Internet page 7

	7. GEOMETRY THROUGH ART: TOWARDS CENTRAL ANGLE THEOREM


Investigating properties of Islamic Art constructions.
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Click to hear about the role of circular geometry in Islamic Art and construction. 

do a simultaneous audio/visual!
	Hypertext pop-up and Audio Clip: 

Geometry was highly important in the Islamic world.  Geometrical figures were charged with symbolic, cosmological and philosophical significance.  Geometry lent a harmony and discipline to architecture and Islamic art.  In the Islamic culture, the circle is traditionally a unit of measure. The circle is the basis for the organization of space. It is a starting point in architecture, poetry, and even calligraphy. From a circle, it is possible to construct many regular polygons. 

The decimal system we use did not appear as a standard until the eighth century A.D. Before exact units of measurement were used, the scale from one building's plan was used to create another building by referring to the geometric patterns. Egyptian rope-stretchers and temple surveyors developed a reproducible method by using pegs and cords to trace circles and straight lines on sand. They established geometric procedures for generating precise and accurate constructions. 

Perfect interrelationships between the parts and the whole of the composition were attained irrespective of mode, form, or scale of expression. Universality was achieved in the Islamic world, consistent with the Islamic belief that all creations are harmoniously interrelated.

Geometrical designs are basically very simple.  They can be constructed using only a compass and ruler.  Knowledge, though, of procedures, which give rise to triangles, squares and hexagons as well as stars, is important.  In the section below we explore some of these procedures.

If you are interested, click here to read more about Visual Geometry and Islam
Outside internet link
http://www.askasia.org/frclasrm/lessplan/l000030.htm




APPLET 14}
	

	TASK: 
1. Draw a circle with a compass.

2. Select any point on the circumference, call it A. Click on ‘Show Circle’
3. Keeping the same radius, draw an arc inside using A as your centre, inside the circle starting from one point on the circle to the other.

4. Starting at the point of intersection of the arc and the circle repeat step 2. Click on ‘Show Arcs’
5. Continue this pattern until you end up where you started. 

6. Join the consecutive points of intersection of the circle and the arcs. Click on ‘Show Segments’
7. What kind of figure do you have? Construct radii from these points. Click on ‘Show Radii
8. Join together alternate points on the circumference. (Construct the diagonals of the hexagon that do not go through the centre of the circle.) Click on ‘Show Segments2 ’



9. How many arcs did you draw? Will this always be the case? Why?

{Insert write box}


Click on button to check answer.

	Hypertext answer:

6 arcs.

This is always the case because you are creating equilateral triangles (the radii of the circles and the arcs are equal.)




9.   Calculate central angles and angles at the circumference. Investigate patterns produced by the angles. Can you generalise any findings. How?
{Insert write box}


Click on button to check answer.

	Hypertext answer:

Angles at the centre = 60o

Angles subtended by the sides of the hexagon at the circumference = 30o
The angle subtended by the chord at the centre is twice the angle subtended at the circumference.




9 a) How many rectangles can you find? 

b) What is the relationship between the diameters and the diagonals of the rectangle? 

c) Complete the following: The angle subtended by a diameter at the circumference of the circle is… 

{Insert write box}

Click on button to check answer.

	Hypertext answer: APPLET 14B
a) 3. Click on the Show buttons  in the applet below to view the rectangles.
b) The diameter is the diagonal.  Click on the Show diagonal button in the applet below to view the rectangles diagonal.
c) 90o
[image: image22.wmf]Show diagonal og red reactangle=
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	8. Solution Strategies For Solving Problems


In this section, we suggest solution strategies for solving routine problems. 

1. Extending data
3. Using an algebraic approach
2. Working backwards
4. General advice
1. EXTENDING THE DATA

1.1 Centre of the circle: 

· Mark off all radii- and consequently, all base angles of isosceles triangles formed by radii, equal.

· If given that a chord is bisected- mark off the 90o angle formed by the perpendicular line from the centre of circle.

· For all diameters, mark off angles subtended at the circumference equal to 90o
· Check each angle at the centre (mark it as 2x) and mark off the angle at the circumference as x  (using 
[image: image23.wmf]2

1

x may be cumbersome)

· Mark the 90o angle formed between radius and tangent, if you are given a tangent.

1.2 Tangent:
	· Mark off all radii perpendicular to tangent

· Check if any two tangents come from the same point, and mark them equal, (also mark off the base angles of isosceles triangle formed as a result.

· Mark the angle between the tangent and chord and the angles that they will be equal to in the alternate segment. 

How? Click for tip on how to find them




TAN-chord pop-up
APPLET 15
	Highlight the tangent and the chord that you want to use. (This helps to see the angle involved)

Now place fingers on the ends of the chord AB

Click on ’Show finger position’,

then trace any angle that AB subtends on the circumference (i.e. the angle in the alternate segment) Click on ‘Show finger movements’ for animation




1.2 Cyclic Quadrilaterals:

	Remember you may not always be told that quads in a given circle are cyclic. You would have to check the circle in your diagram to see if there are four or more points on the circle forming cyclic quadrilaterals


· Mark off all angles in the same segment equal. 
How? – Click for tip on how to find them

· Mark of all exterior angles = to interior opposite angles. 
How? – Click for tip on how to find them
· Remember that opposite angles of cyclic quad. are supplementary.



Angles in same segment pop-up
APPLET 16
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	Angles in same segment

The chord AB is subtending equal angles


[image: image25.wmf]Ð

 ADC and 
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 ACB on the circle. Click on the animation button to view the changes as D moves around the circle.  Click again to stop the animation.

Notice the ‘butterfly pattern' produced – all four corners of the wings MUST lie on the circle. The pair of angles produced by the top of the wings is equal and the pair of angles produced at the bottom of the wings is equal.

Also note what happens to the angle measurements as D moves between A and B on the arc in the minor segment. Why?


Exterior angle POP-UP
applet 17
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	Exterior angle

Drag the red points or click on the Animate button.

For which positions of C is exterior angle 


[image: image28.wmf]Ð

ADE equal to the opposite interior angle of cyclic quadrilateral ABCD?


2.  WORK BACKWARDS FROM THE ‘REQUIRED TO PROVE’

If asked to prove two line segments equal: 

· If they are in the same triangles try proving the base angles of that triangle equal (i.e. the angles opposite the sides you want to prove equal.)

· If they are in two different triangles – check to see if triangles are congruent.

· Check if the angles subtended by the chords are equal, or if you can prove them equal

If asked to prove two angles equal

· If they are in the same triangle, check to see if these angles are the base angles of an isosceles triangle – are the sides equal. 

· If you are trying to prove 
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3. USING AN ALGEBRAIC APPROACH:

a)
Sometimes you may need to prove an equation that has some numerical value in it: e.g. 
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This may require you to start with an equation that already has a numerical value: e.g.

1. Sum of angles of triangle equal to 180o
2. Opposite angles of cyclic quad are supplementary

3. Co-interior angles are supplementary

Manipulate the relevant numerical equation using substitution of equal quantities to arrive at the required equation

4.  GENERAL ADVICE FOR SOLVING RIDERS

· Highlight all parallel lines in the same colour, to find alternate and corresponding angles equal.

· Use suitable markers to mark angles equal to each other in the same colour.

· Look at what you are required to prove, and select a strategy to solve the problem.

· Make a preliminary test to see if your strategy has a chance of success

· Always re-check the given to make sure that you have used ALL the given information

· Look at previous parts of questions for clues. You may need to further extend the solutions or conclusions to these questions. 
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9.  WRAP UP:

In this unit we explored circle geometry through an investigative and problem-solving perspective. Introductory activities were centred around special properties of circles, and their chords. Further explorations covered angles subtended by the chords in the circles. Lastly, we worked through solution strategies that might be helpful in solving “routine’ problems. 

Work through the following exercise to check whether you can do everything that the outcomes at the beginning of this unit state.

1. Concentric circles have the same …….. {insert write box} 

2. Two circles touch at one point. What other features would they also necessarily share? {insert write box}
3. Arrange the four steps in solving an applied problem in the correct order. Write only the letters corresponding to the correct order , eg. DCAB {insert write box}
A:  interpret, check and validate the solution of the mathematical problem back in its practical context

B: convert the problem into mathematical language

C: Solve the mathematics problem
4. Can a circle always be drawn through 

a) 2 points? If so, how would you draw it? 
 {Insert write box}

b) 3 points? If so, how would you draw it?
{Insert write box}
c) 4 points? If so, how would you draw it?
{Insert write box}

5. When Extending the data to solve routine problems, list the 5 properties or theorems you could use to extend the following:  Given, O is the centre of the circle. {insert write box}
Solutions:

Provide pop-up answers NEXT to each write box above
1. Centres

2. They share a common tangent
3. B C A

4. a) Yes, an infinite number of circle can be drawn through two points, provided the centre of the circle is be anywhere on the perpendicular bisector.

b) Yes, there is a unique circle, whose centre can be found by constructing the any 2 chords, formed by the three points, and by finding the point of intersection of the perpendicular bisectors of theses two chords one would find the centre of the circle through the three points.


c) No, One cannot ALWAYS find a circle through four points.

· Mark off all radii- and consequently, all base angles of isosceles triangles formed by radii, equal.

· If given that a chord is bisected- mark off the 90o angle formed by the perpendicular line from the centre of circle.

· For all diameters, mark off angles subtended at the circumference equal to 90o
· Check each angle at the centre (mark it as 2x) and mark off the angle at the circumference as x  (using 
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x may be cumbersome)

· Mark the 90o angle formed between radius and tangent, if you are given a tangent.

6. Calculate the value of the unknowns in each of the questions below. C is the center of the circle in each case. 

Get the rest of question 6 from Assess.doc
Now assess your own progress in the following simple matrix of the outcomes:

Use radio buttons? Ideally these should be submitted to the database …
	OUTCOME
	Not achieved
	Partially achieved
	Achieved

	Define terms used in circle geometry.
	
	
	

	Employ investigative strategies to explore geometric problems.
	
	
	

	Understand and apply solution strategies for solving routine geometric problems.
	
	
	














I need to fit a set of curved shelves into a corner unit.   The length of the shelf is 60 cm and the breadth is 40 cm.  The shelf must be cut from a rectangular piece of wood with a length 60 cm and a breadth 40 cm. How can the curved part of the shelf be constructed?
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Exterior angles





Tan-chordExt. angle











Angles in same segment





Hint
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