Maths Unit 11: Quadratic Functions: Hanging and flying things
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1. Introduction

In this unit we continue our study of using quadratic functions as models for real-world applications. We look at two examples where the models are determined by the laws of nature, namely hanging bridges, and the motion of a projectile (e.g. throwing a ball or a javelin, or the path of a cannon ball).

Outcomes box

Outcomes

After working through this unit you should be able to:

· Apply the quadratic function model to different contexts.

· Find and analyse the component formulae of projectile motion (i.e. parametric equations).
· Use parametric equations to find the maximum height, range and time of flight of a projectile.
· Graph a system of parametric equations.
End Outcomes box
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2.
Hanging things

2.1 Different models

The pictures below show a spider web, a necklace, a chain, electricity power lines and two suspension bridges. You can click on the pictures to enlarge them for a better view. Then close the window to return here. What functions do you think model the curves in these cases? Are they all the same?
Images and Links
[image: image1.png]



The separate pics are on the web. There are two pics each - a small and a large, allowing readers to click to open the original big pic

You probably said a parabola? Not so fast – the curves certainly look like parabolas, but it is actually not possible to recognize or identify functions visually. Visual shapes (e.g. pictures or graphs) of different functions can look very similar, as you can see in our next activity.
(Paper-based activity)
Activity: Is it a parabola?

Click on the button below to open a graph applet:

Button: Is it a parabola?

Pop-up: (applet) Catenary on web – paste code, its an automatic tool!
[image: image55.png]



In the graph applet, the four graphs look nearly identical. Do you think they are four parabolas?

The purple graph is indeed a parabola, but the others are not!<br>

To see how different the graphs really are, change the domain and range in the applet: Change xmin and xmax to –3  3 and  ymin and ymax to 0  2 and press ENTER or click “Set Limits”. You can also use “Zoom in” and Zoom out”. What do you notice? Think about it!
Look at the formulae of the graphs. Can you identify the shapes from their formulae? One graph is a semi-circle, one is a semi-ellipse, and the red curve is a function called a catenary, with formula 
[image: image2.wmf])
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(End Paper-based activity)
(Paper-based activity)
Activity: Parabola vs. Catenary
Click on the button below to open a graph applet:

Button: Parabola vs. Catenary
Pop-up: Applet: catenary vs parabola on web
On web, opens in separate TOOL window. I used my sesame script to roughly fit the applet, please use your method to fit the applet exactly in the window. Also, name the window just simply “Parabola vs. Catenary”!
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The applet shows the graphs of a parabola
[image: image4.wmf]c

bx

y

+

=

2

 and a catenary 
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Are the graphs the same?

Change the parameters a, b and c to try to fit the graphs on top of each other. You can also change the scale and move the canvass up and down with O.y. Click on “init” to reset. Can they fit on each other?
O.y not italic

(End Paper-based activity)
So it should be clear that we cannot decide visually what kind of a model it is! That is why we emphasise the properties of functions. The four graphs above have many common properties, e.g. they are all symmetric in the Y-axis. To identify a function, we must find properties that are unique to the function. We will pursue this in unit 20 on Linear Regression.

Back to our problem:

What functions model the curves of the spider web, the chain and the suspension bridge?
Do you say a parabola? You would be wrong! But you are in good company – the famous Galileo Galilei, who is often seen as the father of modern science, also though that a chain hangs in the shape of a parabola! This is surprising, because it was Galileo who introduced the idea that theories can be tested.

So let’s test the conjecture by seeing which graph fits on a chain bracelet.
(Mouse over)

A conjecture is an unproven theory or intuition.
(End Mouse over)

(Paper-based activity)
Activity: Chain
Click on the button below to open the Chain Applet:

Button: Chain Applet

Pop-up: applet : CHAIN.HTM on web, opens in separate TOOL window

I used my sesame script to roughly fit the applet, please use your method to fit the applet exactly in the window. Also, name the window just simply “Chain Applet”!
The Chain Applet shows a photograph of a chain, together with graphs of a parabola and a catenary. Your task is to manipulate the graphs to find out which of the two graphs models the shape of the chain:
1.
Are the two graphs the same?
Drag the red points to move the graphs and change the parameters to try to make the two graphs fit on top each other. 

2.
Which graph models the shape of the hanging chain?
Drag the graphs to the chain. Change the parameters to try to make them fit on the chain. Which of the graphs fit on the chain?
(End Paper-based activity)
So, we can conclude that the shape of a free hanging chain, an electric wire between two poles, a spider web, and in general any perfectly flexible cord, cable or chain hanging from two fixed points not in the same vertical line, acted on solely by gravity, are all modelled by the catenary function. The word catenary in fact comes from the Latin “Catena”, meaning “a chain”.

Why is the model of the suspension cable of a hanging bridge not also a catenary? The answer is obvious – because gravity is not the only force acting on it! The weight of the roadway hanging from the cables exerts a considerable force and influences the shape in which the cable hangs.

The function modelling the shape of the suspension cable of a hanging bridge is in fact a parabola. But why a parabola?

It is not possible to fully analyse the situation here, but click on the button below for a brief discussion:

Button: Discussion

Pop-up: Hanging bridge
Step by step activity Please make a Flash animation!  For specification SEE Unit11Flash.doc
You can read more about suspension bridges on the internet at:
External link http://www.brantacan.co.uk/suspension.htm
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2.2  Building a bridge
Note: this content was previously moved here from Unit 10!!!

(Paper-based activity)
Activity: 

Engineers must build a hanging bridge over a river. The roadway of the bridge will be hung from a suspension cable with connecting wires, 1 m apart. At its lowest point, the connecting wire is 1 m long. The suspension cable is supported by two towers at the ends, which are each 21 m high and are 40 m apart. See he sketch below.

[image: image57.png]Parahalave Ellpse




(Image) use this or similar …
It is essential that the lengths of the connecting wires should be exact, otherwise the bridge is unsafe! The lengths cannot be found by practical measurement while building the bridge!

1. What is the length of the connecting wire 15 m from the centre?

Activity type: Javascript check answer 

  Type your answer here: insert write box
I used a slightly different text with feedback. See my webpage, or use your own …

Answer = 12.5

[image: image58.png]



This is how engineers do it: They imagine a system of axes, find a formula for the shape of the suspension cable, then they use this formula as a model to calculate the lengths of all the connecting wires beforehand.

However, it is not so simple. The choice of where we place the system of axes determines how we interpret the given information and it influences the form of the formula and the complexity of the calculations!

2. For each of the positions of the axes below, find the corresponding formula for the shape of the suspension cable.  Discuss the advantages/disadvantages of each position.

[image: image59.png]Is ita parabola?





Click here for comments:

Button: Comments

Pop-up: Building a Bridge Comments
Comments 
Here are 4 different positions of the axes, with the corresponding formulas:

(Images)  MAKE SIMILAR SKETCHES
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y = 0,05(x – 20)2 + 1
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y = 0,05x(x – 40)

or 

y = 0,05(x – 20)2 – 20
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y = 0,05x2


y = 0,05x2 + 1

The formulae are different, but equivalent. The lengths of the wires correspond to the y-values of (d), so maybe it is the easiest!

This is how we obtained the function for (d):

The formula is of the form  y = ax2 + c                          (1)

The point (0, 1) lies on the graph (it is the y-intercept), so it satisfies equation (1).

So c = 1

The point (20, 21) lies on the graph, so it satisfies equation (1):

So 21 = 400a + 1, so a = 0, 05

Can you see how these functions can be deduced from each other? We will address this issue in Unit 19.

Once you have a formula, it is easy to calculate function values, but you must still interpret the context in terms of your chosen system. For example, to solve problem 1:

If you use the (a) system, “15 m from the center” means x = 5 or 35, which should of course (?) give the same answer because of symmetry:

y(15) = 0,05(5 – 20)2 + 1 = 0,05(35 – 20)2 + 1

In the case of (d)  x = 15:

y(15) = 0,05 ( 152 + 1 = 12,25 m
Button: Close window

(End Paper-based activity)
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3.
Flying things

3.1 Introduction

In Unit 10 we mentioned that Galileo Galilei (1563-1642) was the first to prove that the trajectory (path) of a projectile was a parabola. In this section we analyse the situation in much the same way as he did.

In Unit 10 we looked at projectile motion in the x-y plane, the usual way we draw graphs. In this unit we will analyse a wider range of problems, for example:
Archer Problem
An indoor archery range has a ceiling height of 10 m, and the distance to the target is 100 m. An archer shoots an arrow at a speed of 40 m/s.

(a) At what angle can the archer shoot the arrow to hit the target without hitting the ceiling?

(b) How many seconds is the arrow in the air?

(c) Find the equation of the arrow’s trajectory.

Image: Archer.gif on the web, the best I have, so preferably make a new one with a better parabolic path?
Preferably place pic next to text of Archer problem above
[image: image6.png]10m

100 m





To solve the problem, we need to introduce new variables, namely the angle of projection, the speed of projection and time.

You should realise that a position-time graph is an abstract representation of the relationship between the variables. One should not confuse this graph with a picture (like the one above) of the actual motion of the projectile in the x-y plane!

Work through the following two activities to make sure that you understand the difference between a position-time graph and a picture of the motion.

Click the buttons to open each activity:


Link to GraphnotPic1.htm
  Link to GraphnotPic2.htm

pop-ups in new (small) window
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3.2 Parametric equations

Notes

Definition

Parametric equations is a pair of functions 

x = f(t) and y = g(t)

which describe the x and y coordinates of a function in terms of a third variable (parameter) t.

(End Note)

This third variable (parameter) is usually time or an angle. The best known example probably is the circle. Any point P(x, y) on the circle can be expressed as its components in terms of the angle (:


(Image) Make image
The path of any moving point can be described this way, with the parameter, t, being the time.

The rest of this section offers you a series of activities to develop understanding of parametric equations.

(Paper-based activity)
Activity: From t to x and y

1. Draw the graph of the system of parametric equations

   x(t) = 2t + 3   ……….   (1)

   y(t) = 4t2 – 2t + 5   ……(2)

Click here for a discussion:  

Button: Discussion

Pop-up: From t to x and y
Step by step activity
For the discussion, I ask that you please make a PO-UP Flash animation TOOL?

See specs here in Unit11Flash.doc
2. Given the parametric equations 

   x(t) = 2t + 3   ………. (1)

   y(t) = 4t2 – 2t + 5   ……(2)

   express y in terms of x.

Click here for a discussion:  

Button: Discussion

Pop-up: From t to x and y
Step by step activity
For the discussion, I ask that you please make a Flash POP-UPanimation TOOL?

See specs here in Unit11Flash.doc
(End Paper-based activity) 
Click on each of the buttons below to open the activity in a separate page:

Buttons:


Applets:
Shoot.html      ParametricComponents.htm          Ape2.htm         FindfORMULA.htm

POP-UP WINDOWS, AS SMALL AS POSISBLE
Use a “Close window” button for each popup
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3.3 Exploring

Any two-dimensional motion can be resolved into its horizontal and vertical components. Thus, to understand projectile motion, we must understand the x-motion and y-motion separately.

But it is not all components that combine to give projectile motion!

Click the button below to open the Components activity: 


(Applet) Link to Components.htm
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Button: Close window

The position of a projectile against time is therefore characterised by a linear horizontal component and a quadratic vertical component that work simultaneously to give us projectile motion.
In the following activities we investigate how the variables speed and angle influences the motion of a projectile.

By didactical design we want you to first informally investigate the variables through graphical and numerical activities as a background, before a formal algebraic analysis of the situation. 

1. How does the speed influence the trajectory?

[image: image8.png]




Diagram 1


(Image) Trajec4.jpg
Link to Speed.htm   OPEN AS A TOOL!!!!
Diagram 1 shows four projectiles launched at the same time at the same launch angle, but with different speeds.

Do you agree: The height of a projectile, its range and its time in the air are functions of the launch speed.

Are they all increasing functions, e.g. the larger the launch speed, the larger the range? 
(a) Compare their maximum height. Which one goes the highest? If the launch speed doubles, does the maximum height double? 

(b) Compare their maximum range. Which one lands the furthest? If the launch speed doubles, does the maximum range double? 

(c) Compare their time in the air. Which one lands last? If the launch speed doubles, does the time in the air double?

Mouse-over

The range of a projectile is the horizontal distance it travels (when its landing height is the same as its launch height).

End Mouse-over

First answer the questions and reflect on it! Then click on Diagram 1 to open the applet – investigate and check your conjectures!
2.  How does the launch angle influence the trajectory?

[image: image9.png]



Diagram 2

Trajec3.jpg

Hyperlink to angle.htm OPEN AS A TOOL!!!!
Diagram 2 shows five projectiles launched with the same speed, but at different angles (15°, 30°, 45°, 60°, 75°). 

Do you agree: The height of a projectile, its range and its time in the air are functions of the launch angle.

Are they all increasing functions, e.g. the larger the launch angle, the larger the range? 

(a) Compare their maximum height. Which one goes the highest? If the launch angle doubles, does the maximum height double? 

(b) Compare their maximum range. Which one lands the furthest? If the launch angle doubles, does the maximum range double? 

(c) Compare their time in the air. Which one lands last? If the launch angle doubles, does the time in the air double?
First answer the questions and reflect on it! Then click on Diagram 2 to open the applet – investigate and check your conjectures!

Reset and restart the applet if necessary to confirm the interesting observation that angles of 15° and 75° give the same range. Also 30° and 60°. Make a conjecture. Can you explain it?
Components

(Image) Make image. Place NEXT to text
Another way to look at the variables affecting the projectile motion is to look at the components of the initial speed, as shown in the diagram. For example, if the initial vertical speed v0y = v0 sin ( affects the trajectory, then different speeds at different angles will have the same affect. To understand what this says, check that:

v0y = 30 sin 30 = 20 sin 48,59 = 60 sin 14,48 = 15

3.  How do the component speeds influence the trajectory?

[image: image10.png]


        [image: image11.png]




Diagram 3
Diagram 4


Trajec1.jpg
Trajec2.jpg


Link to HorsontalSpeed.htm
VerticallSpeed.htm

In Diagram 3 four projectiles are launched at the same time with the same initial vertical speed, but different horizontal speeds.

In Diagram 4 four projectiles are launched at the same time with the same initial horizontal speed, but different vertical speeds.

First answer the questions and reflect on it! Then click on the diagrams to open the applets – investigate and check your conjectures!
Do you agree: The height of a projectile, its range and its time in the air are functions of the component launch speed.

Are they all increasing functions, e.g. the larger the initial vertical speed, the larger the range? 

In each case:

(a)
Compare their initial vertical speeds.  Which one has the biggest and which one has the smallest initial vertical speed?

(b)
Compare their initial horizontal speeds.  Which one has the biggest and which one has the smallest horizontal speed?

(c)
Compare their maximum height.  Which one goes the highest?

(d)
Compare their maximum range.  Which one lands the furthest?

(e)
Compare their time in the air.  Which one will land last?

4.  How do different initial speeds influence the trajectory?

This activity allows you to control the values of V0x and V0x.
Click on the button below to open the XY Speed applet:

Button: XY Speed

Pop-up: COMPONENT SPEEDS
Applet: XYSpeed.htm  MAKE POP-UP AS SMALL AS POSSIBLE
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Button: Close window
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3.4 Algebraic approach

We have formed several conjectures about projectile motion. However, to explain and convince ourselves, we need to work with projectile motion algebraically. 

(Mouse over)

A conjecture is an unproven theory or intuition.
(End Mouse over)

We know enough about motion to realise that:

(Image)  Make sketch (a piece of a parabolic trajectory), place next to text
· By definition, the only force influencing the trajectory of a projectile is gravity, or more correctly its weight.

· Because the gravitational attraction is towards the center of the earth, the gravitational pull is vertical.
· There is no horizontal force on a projectile.

(Mouse over)

Gravity is a mutual force of attraction that acts between every pair of objects in the universe.

(End Mouse over)

Consequently, any projectile has a constant horizontal speed, and a variable vertical speed. We can express the motion of the projectile as a system of two parametric equations as follows:
The horizontal position x(t) against time is given by a linear formula of the form 
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where x0 is the position at time t = 0, and v0x is the horizontal speed at t = 0. This speed remains constant!

The vertical position y(t) against time is given by a quadratic formula of the form
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where y0 is the vertical position at time t = 0, and v0y is the vertical speed at t = 0. This is the initial speed, and it changes throughout the motion.

When the projectile is near to Earth, a = -g  (= -9.8m/s2):
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To simplify matters, let’s choose the axes at the origin, then x0 = y0 = 0. Then we have:
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Note on notation: in x(t), the x and the t are italics – the brackets are NOT, and I was not precise with it. The reason is that in Equation Editor, you have to change the style from Mathematics to Text for the brackets!!
The same applies to (, otherwise ( in the text and in Equation Editor is different!
However, in the practical situation, we usually do not know the components v0x and v0y, but we do know the initial speed v0 in the launch direction (an angle ( with the horizontal). So it is useful to express v0x, v0y and the formulae (1) and (2) in terms of v0 and the launch angle (:

Image  Make images


x(t) = vox t = vocos( t  ……………….….(3)


y(t) = voy t – 
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We now pose the basic questions and conjectures about projectile motion as problems for you to solve. It involves applying our knowledge of the function problem types (finding function values, solving equations, finding minimum and maximum values, simplifying expressions) to the formulae (3) and (4). You may find the following representation useful:

Image  Make image

(Paper-based activity)
1.
Find algebraic formulae for

(a) The flight time, i.e. the time the projectile is in the air.

(b) The range of the projectile.

Deduce that:

· The flight time depends only on the initial vertical speed.

· The range depends on both the launch angle and launch speed.

Mouse-over

The range of a projectile is the horizontal distance it travels (when its landing height is the same as its launch height).

End Mouse-over

Click here for a discussion:

Button: Discussion

Pop-up: 1.  Discussion  Pop-up as small as possible
Discussion
(a)
The projectile is in the air until it hits the ground (where the graph cuts the t-axis), i.e. y(t) = 0. So from (4):
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We know that vosin( = voy (see Figure 1), so we can deduce that 
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So the flight time depends only on the initial vertical speed.


This means that if the initial vertical speed of two projectiles is the same, then their launch angles and their horizontal speeds have no influence on how long the projectiles stay in the air.

(b)
From (3), the horizontal distance is  x(t) = vocos( t.


Substitute the maximum flight time into the formula to get the maximum distance (range):



[image: image22.wmf]g

v

g

v

v

x

θ

cos

θ

sin

2

)

θ

sin

2

(

θ

cos

2

0

0

0

max

=

=

  ………..(6)


So xmax depends on the value of ( and vo.


From Figure 1, vocos( = vox  and  vosin( = voy, so  
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So xmax depends on both the initial horizontal and initial vertical speeds.

Button: Close window

(End paper-based activity)
(Paper-based activity)
2.
Using the formula  
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(a) Draw a graph showing how the range xmax (the dependent variable) changes as the launch angle (the independent variable) changes. (This assumes that the other independent variable, initial speed, is constant as the angle changes.)

(b) Deduce that angles of ( and 90(– ( give the same range (refer to the Projectile activity in Unit 10) hyperlink
(c) Deduce that the range  xmax  is an increasing function of ( for  
[image: image25.wmf]°

<

£

°

45

θ

0

 and a decreasing function for 
[image: image26.wmf]°

£

<

°

90

θ

45


(d) Deduce that an angle of 45( gives the maximum range.
(e) Prove that 
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Click here for a discussion:

Button: Discussion

Pop-up: 2.  Discussion  Pop-up as small as possible
Discussion
We know from trigonometry that sin 2( = 2 sin ( cos (.

So 
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So, for a given value of v0 (i.e. v0 is a constant in the formula), the range depends only on the angle at which it is launched.

(b) x = 
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(c) sin 2( ( 1, with sin 2( = 1 when ( = 45(. Draw the graph of y sin 2( to illustrate!

(e) 
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Button: Close window

(End paper-based activity)
(Paper-based activity)
3
Find a formula for the maximum height ymax of a projectile. Try to use at least three different methods!
Deduce that the maximum height is determined only by the initial vertical speed v0y of the projectile. If the initial vertical launch speed doubles, does the maximum height double?

Click here for a discussion.

Button: Discussion

Pop-up: 3.  Discussion  Pop-up as small as possible
Discussion
It depends what you know!

Starting from the general formula (4):  y(t) = vosin( t – 
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1. We could use calculus and differentiate. But do you know how to differentiate the expression?

2. You should know that the maximum value of a parabola y = ax2 + bx + c is 
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Plugging in values of the parameters a, b and c in (4) into this expression gives
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3. The time to reach the maximum height is half of the time in the air. From equation (5) we have 
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The point (
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) is the turning point of the function, so it satisfies the equation for the vertical position of the projectile. We can now find the maximum height by substituting this value of t:
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From 
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, we can deduce:

· For a given initial speed v0, the maximum height depends only on the launch angle (.

· For a given launch angle (, the maximum height depends only on the initial speed v0.

· Because v0sin( = v0y , we can write 
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, so the maximum height depends only on the initial vertical speed. 

Note: Please change all italic ( above!!!
Note: From 
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 it follows that if v0y doubles, ymax quadruples (is four times as high).

Button: Close window

(End paper-based activity)
(Paper-based activity)
4. You are the athletics coach at school. Discuss why the following is good advice to long jumpers and javelin throwers:

· Run as fast as possible before the jump (throw)

· Jump (throw) at an angle of 45(.
Click here for a discussion:

Button: Discussion

Pop-up: 4.  Discussion  Pop-up as small as possible
Discussion
During the jump, the jumper is a projectile following a parabolic path, pulled back to the ground by gravity. Likewise for the javelin.

As in question 2, 
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We have already shown that x is a maximum for ( = 45(.

Because x is proportional to v02, the bigger v0, the bigger x. Furthermore, any increase in speed will increase the distance four-fold!

This is the theoretical situation. However, in the practical situation this is not true! Unfortunately this theoretical analysis wrongly assumes that the angle is independent of the speed, i.e. that at maximum speed the athlete can jump (throw) at any angle. This is not true, e.g. it would be difficult to jump at an angle of 80( – you would have to slow down! Because speed is more important than the angle, in practice athletes seem to be able to jump at maximum speed at an angle of about 40(.
Button: Close window

(End paper-based activity)
(Paper-based activity)
5. Deduce a formula for y(x), i.e. a formula for the height (vertical position) y of a projectile in terms of x, its horizontal position. Formulated differently: Prove that the trajectory of a projectile is a parabola.

Click here for a discussion:

Button: Discussion

Pop-up: 5.  Discussion  Pop-up as small as possible
Discussion
The formulae for x and y in (3) and (4) are parametric equations, i.e. they express x and y in terms of another variable, time. So let’s eliminate t:

From (3): 
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Substitute this into (4): 
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This is of course a parabola of the form  y =  Bx + Cx2.

Button: Close window

(End paper-based activity)
(Paper-based activity)
6. Using formula (8), show that angles of 30( and 60( give the same range.

Click here for a discussion:

Button: Discussion

Pop-up: 6.  Discussion  Pop-up as small as possible
(Discussion)

The equations are
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So, can you prove that the values in (1) and (2) are equal? This illustrates a classical need for rationalising the denominator:
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(End Discussion)

Button: Close window

(End paper-based activity)
(Paper-based activity)
7.
An indoor archery range has a ceiling height of 10 m, and the distance to the target is 100 m.

(a) An archer shoots an arrow at a speed of 40 m/s. At what angle can the archer shoot the arrow to hit the target without hitting the ceiling? Also find the equation of the arrow’s trajectory, i.e. express its height in terms of the horizontal distance it has travelled

(b) An archer shoots an arrow at an angle of 10(. At what speed must she shoot the arrow to hit the target?

Image Archer.gif the same pic as in 3.1!
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100 m





Click here for the solution:

Button: Solution

Pop-up: 7.  Solution  Pop-up as small as possible
(Solution)
(a)
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  It follows that only ( = 18,89( is valid in this situation.

Note: Please change all italic ( above!!!

Assuming the bow and the target is at the same height, and taking the bow as the origin, the equation is  y = ax(x – 100) with the usual meanings for x and y. You can find a using the co-ordinates (50; 8,56) of the turning point:

8,56 = 50a(50 – 100)  ( a = -0,003424

(  y = -0,003424x(x – 100) or  y = 0,3424x – 0,003424x2
Or you can use formula (8):
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There is a slight difference due to rounding errors.

(b)
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(End Solution)
Button: Close window

(End Paper-based activity)
Page 8
3.5  Reflection

As in all modelling activities, we should reflect on the assumptions underlying our model, and whether our model really fits reality.

We have already mentioned that our parabolic model of the projectile trajectory is only true for small heights, when air resistance can be ignored. In cases where there is significant air resistance, the model is not quadratic, but linear (the projectile travels at terminal speed, which is constant).
The trajectory of a projectile certainly looks parabolic. But better observations show that it is not! Actually the path is an ellipse!
(Paper-based activity) 
Activity: Parabola vs. Ellipse

Click on the Parabola vs. Ellipse button below to open a graph window.


Applet: Para-ellipse on web

Insert as a tool pop-up, i.e. copy the HTML code and the button will automatically be created and produce tool pop-up

One graph is a parabola and the other one is an ellipse. Can you visually distinguish between them? Which one is which? Do you agree that in a small interval there is little difference?

Use the Zoom in and Zoom out buttons in the graph window to change the interval. What do you notice?

(End Paper-based activity) 
Where did we and Galileo go wrong?

We have assumed that the gravitational force acting on a projectile is vertically downwards, i.e. parallel to the y-axis. But that is not so – the force always acts towards the centre of the earth and that is not necessarily the same as parallel to the y-axis! Over short distances the difference is negligible, but there is a difference.
Image Ellips.gif on web

NEXT TO TEXT 

Sir Isaac Newton’s (1642-1727) brilliant insight was to realise that the same gravitational force determining that an apple falls to the ground also determines the motions of the moon and other satellites around the earth, and the motion of the planets around the sun. So any projectile near the earth’s surface obeys the same physical laws and follow the same elliptical trajectory as a satellite around the earth. If a projectile's elliptical path is extended it would pass through the earth, with the centre of the earth at one of the foci. The earth just gets in the way!

(Paper-based activity) 
Image Mountain.gif on web, make smaller 
NEXT TO TEXT 

Activity: Newton’s Cannon

The following amusing applet illustrates Newton’s reasoning: If we shot a cannon horizontally from a very high mountain and increased the launch speed, the cannon ball would eventually become a satellite travelling in an elliptical orbit around the earth! The picture is a copy of Newton’s original drawing.

Click on Newton’s Cannon button below to open the applet:
Button: Newton’s Cannon
LINK TO NewtonMountain.htm, to open as a tool - I have used my sesame script

NOTE THAT you also need to download Newton.jar and mountain.gif
Click on the slider to slowly increase the speed and click “Fire”. What happens?
Change the speed of the cannon ball and "Fire". At what speed does the cannon ball:
- fall back to the Earth?
- follow a circular path around the Earth?
- follow an elliptical path around the Earth? 

- float off into space?

To read more about the applet, the trajectory of projectiles, the moon and the planets, see:

Link 
Isaac Newton by Michael Fowler

Clickable live link. Do not give the full URL, too long!
(End Paper-based activity) 
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4.
Wrap-up

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.
Link
(Paper-based activity) 
1.
The animation below simulates the launch of a projectile (position is in metres and time is in seconds).

Applet - Insert here in html!
[image: image52.png]




(a)  Find the formulas and draw the graphs of: 


      y vs. x 


      x vs. t 


      y vs. t 


(b)
Now use your formulae to calculate the following. Check your answers against the “reality” of the data values displayed in the simulation! 


      y(x) when x = 10 


      x(t) when t = 5 


      y(t) when t = 5 


      t when y = 39,2

Click here to check your answers:

Button: Answers

Pop-up:  1.  Answers  Pop-up as small as possible
y(x) = -0,049x(x – 60) = 2,94x – 0,049x2,  y(10) = 24,5 m

x(t) = 10t, t(5) = 50 m
y(t) = -4,9t(t – 6) = 29,4t  – 4,9t2, y(5) = 24,5 m
Button: Close window

(End Paper-based activity)
(Paper-based activity) 
2. A cannonball is fired from the top of a cliff. It has an initial velocity of 40 m/s at an angle of 30(  to the horizontal. If the cliff is 100 m high:

(a) How long will it take the ball to hit the ground?

(b) What is the cannonball’s maximum height?

(c) What will be the cannonball’s horizontal displacement?

(Assume that acceleration due to gravity is 9,8 m/s2.)

Click here for a discussion:

Button: Discussion

Pop-up: 2. Discussion
pop-up answers, all together WINDOW AS SMALL AS POSSIBLE!:

To find the time, use the formula


y(t) = yo + vosin( t – 
[image: image53.wmf]2
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gt2
where  y(t) = 0, yo = 100 m,  vo  = 40 m/s ,  ( = 30( and  g = 9,8 m/s2
So you have to solve for t in the equation 0 = 100 + 20t – 4,9t2:

                                                  t ( 7 seconds        (t ( -2.92)

For the maximum height find the maximum of  y(t) = 100 + 20t – 4,9t2
Or you can assume that the maximum height is reached after t = 3,5 seconds and substitute into the equation.

Or use the formula  
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For the horizontal displacement, use the formula

x(t) = xo + vocos( t
where  xo = 0,   vo  = 40 m/s ,  ( = 30( and  t = 7, which you already calculated.

Button: Close window

(End Paper-based activity)
(Drop down list with print, mail and save)
3. Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Apply the quadratic function model to different contexts.
	
	
	

	Find and analyse the component formulae of projectile motion (i.e. parametric equations).
	
	
	

	Use parametric equations to find the maximum height, range and time of flight of a projectile.
	
	
	

	Graph a system of parametric equations.
	
	
	


(End Drop down list)
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