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1. Introduction
This unit is about lists of numbers or sequences of numbers and how we can describe any term in the sequence using a general formula. 

It is also about adding up a sequence of numbers or a series. 

Outcomes box

Outcomes

By the end of this session you should be able to:

· Use a test to identify an arithmetic sequence.
· Find any term in an arithmetic sequence if given the first three terms. 

· Calculate the number of terms less than a given maximum in an arithmetic sequence.  

· Calculate the sum of an arithmetic series.

End Outcomes box
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2.  An introduction to arithmetic sequences
2.1 Playing with matches

Images – make and place images as below
Style? Essentially Fill in the blanks, I ant to give feedback … – but can we not use just the table and not the whole box, I do not really want separate blocks for each question? It is OK if the pics can be inside the boxes, but I do not hink they can?
1.
Sylvia forms triangle patterns with matches as shown below:


[image: image1.wmf]

Complete the following table. Describe any number patterns!

	No of triangles
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	100

	No of matches
	3
	5
	7
	9
	11
	13
	15
	17
	19
	21
	201


2.
Now Sylvia forms square patterns with matches as shown below:


[image: image2.wmf]

Complete the following table. Describe any number patterns!

	No of squares
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	100

	No of matches
	4
	7
	10
	13
	16
	19
	22
	25
	28
	31
	301


3.
Now Sylvia forms pentagon patterns with matches as shown below:


[image: image3.wmf]

Complete the following table. Describe any number patterns!

	No of pentagons
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	100

	No of matches
	5
	9
	13
	17
	21
	25
	29
	33
	37
	41
	401


4.
What is the same and what is different in the situations in 1, 2 and 3?

5.
How many matches will Sylvia need to build 100 decagons (a quadrilateral with 10 sides) in the same way?
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2.2  Definition
Note

A sequence is a list of numbers that have some connection between them. 

An arithmetic sequence is a list of numbers that can be generated by adding (or subtracting) a set number to the previous number in the sequence. 

End note
Examples:
1, 2, 3, 4, 5, 6, …  
is a arithmetic sequence whose next number can be found by adding 1.

1, 5, 10, 15, 20, …  
is an arithmetic sequence whose next number can be found by adding 5. 

3;  2,5;  2;  1,5;  1;  0,5; … 
is an arithmetic sequence whose next number can be found by subtracting 0,5.

The marked lines in the diagram below all show arithmetic sequences. Can you describe the sequences? Find at least three more sequences. What about a “negative line”?
Image: Please keep the table below as is (with the colours showing)

I suggest just make a gif of it – as small as possible!
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	[image: image44.wmf][image: image45.wmf]1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11

	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12

	[image: image46.wmf]3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13

	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14

	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15

	[image: image47.wmf]6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16

	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17

	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18

	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19

	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20


End pop-up

PTO
Let’s take a closer look at counting matches. Watch closely how the quadrilateral pattern below is formed:
ANIMATION

I PREFER THAT YOU MAKE A SIMPLE ANIMATED GIF WHICH AUTOMATICALLY RUNS SEQUENTIALLY AND REPEATS ITSELF.

if not, make a step-by step flash animation, as small as possible!

Opening:
[image: image48.wmf]

T1= 5
T2
T3
Then, superimposed: Three steps: First repeat the figure in T1 at T2, then the two extra matches must fly in, they could preferable temporarily be a different colour, then T2 = 7 must be completed:
[image: image49.wmf]

T1
T2 = 7
T3
Then, superimposed: Three steps: First repeat the figure in T2 ( but now only in one colour) at T3, then the two extra matches must fly in, they could preferable temporarily be a different colour, then T3 = 9 must be completed:
[image: image50.wmf]

T1
T2 = 7
T3 = 9
THEN, IF IT IS A GIF, JUST LOOP! …

(Fill in the blanks) Activity no: Counting matches
Complete the table below to describe the number of matches needed to make each quadrilateral in the above animation and continue the pattern:
Table

	Quadrilateral number, or term Number (n)
	1st
n = 1
	2nd
n = 2
	3rd
n = 3
	4th
n = 4
	5th
n = 5
	
	10th
n = 10
	n-th

n = n

	Extra matches needed (Common Difference)
	–
	2
	2
	2
	2
	
	2
	2

	No. of matches to make up the shape (Tn)
	5
	7
	9
	11
	13
	
	23
	5+(n-1)2


End fill in the blanks

The entry 5+(n-1)2 is problematic – can you have several options??
Including 2n+3, 3+2n,5+2(n-1), …
Check that you agree with this structure and generalisation for the quadrilateral pattern:
T1 = 5 + 0( 2

T2 = 5 + 1( 2

T3 = 5 + 2 ( 2

T4 = 5 + 3 ( 2

T5 = 5 + 4 ( 2

T10 = 5 + 9 ( 2

Tn = 5 + (n – 1) ( 2

Note

The characteristics of an arithmetic sequence 

There is a Common Difference (d) between each of the terms in an arithmetic sequence, i.e. 

Common Difference or d = T2 – T1  = T3 – T2 = T4 – T3 = Tn – Tn-1
The next term in the sequence can be found by adding the common difference to the previous term. This can also be used as the Test for an Arithmetic sequence.

T2 = T1 + d, T3 = T1 + 2d, T4 = T1 + 3d, etc.

The general term of an arithmetic sequence is 

Tn = T1 + (n – 1)d 

End Note
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3. Arithmetic Sequence Problems
Try out some or all of the problems below if you want to get a good sense of the types of problems that may arise. 

3.1 What can you determine from three terms

This is a typical arithmetic sequence problem where you need to find different information given the first three terms of the sequence. 

(Numbered list) Please number each of the following paragraphs 1 - 5
Firstly you will need to test to see whether the sequence is an arithmetic sequence by finding a common difference.

You will then need to identify the formula for a general term in the sequence.

You will use the formula for the general term to determine the value of one of the terms.

You will need to find out the name of a term (the sequence number n) in the sequence when given its value. 

How many terms are less than a given number? 

(End numbered list)
no activity, just blue heading
Three numbers
Given the sequence of numbers: 2, 5, 8, …

Determine:
(Numbered list) 1- 6
Whether the sequence is an arithmetic sequence or not.

The Common Difference between terms.

The formula for a general term in the sequence.

The value of the 10th term in the sequence. 

Which term has a value of 62?

How many terms are less than 100?

(End numbered list)
Click here to see some discussion:

Button:  Discussion
Discussion:

Use indents, same numbered sequence as above
1.  What is the Difference between the first term and the second term? 

    T2 – T1 = 3
    What is the difference between the third term and the second term?

T3 – T2 = 3
So this must be an arithmetic sequence because there is a common difference between the first three terms.

2.   Common Difference = 3
3.  General Term Tn = 2 + (n – 1)d
4.   10th term = 29
5.  Make the general term equal to 62 and then solve for n:

[image: image4.wmf]1
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6.  Make an inequality with the general term less than or equal to 100 and solve for n. Remember that you can only have a whole number for the number of terms in the sequence (n):

[image: image6.wmf]1
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3.2 A sequence getting smaller and smaller

This is an arithmetic sequence problem where the common difference is negative and the sequence goes into negative numbers.

You will need to determine the following:

Numbered list 1 - 4
Given two terms of an arithmetic sequence, determine the third term, the common difference and the formula for the general term.

The number of positive terms.

Whether or not a given term is a term in the series.

Which is the first term less than a given number. 

End numbered list
no activity, just blue heading
Two numbers
Given the first two terms of the arithmetic sequence as: 14; 11; …
Determine

Numbered list 1-4
1. The third term, the common difference and the formula for the general term. 

2. The number of positive terms.

3. Whether -311 is a term in the sequence.

4. Which is the first term less than -200.

End numbered list
Click here to see some discussion:

Button:  Discussion
Discussion:

Use indents, same numbered sequence as above

1.   What is the difference between the first term and the second term? 

Difference T2 – T1 = -3
Since this is an arithmetic sequence, the common difference (d) = -3
From the common difference, determine the third term:
Third term: T3 = T2 + d = -8
Use the common difference to determine the formula for the general term:
General Term: Tn =T1 + (n – 1) ( d = 14 – (n – 1) ( 3 
2.    Positive means greater than zero. So make an inequality with the general term greater than or equal to zero. The last term in the sequence whose value is greater than zero will have a term number (n) equal to the number of terms greater than zero.
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Number of terms greater than zero (n) is 5.
3. If-311 is a term in the sequence then it must have a term number (n) and the formula for the general term should be able to be used to find its value.

Use the formula for the general term:

[image: image10.wmf]14(1)(3)311
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n must be a whole number. So -311 is not in the sequence!
4. You need to determine the term number of the first term less than -200 as done above:

[image: image12.wmf]14(1)(3)200
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[image: image13.wmf]20014

1

3

72,33

n

n

--

-<

-

Þ<


Therefore the first term less than -200 is term number 73.
Now check this by determining the value of that term:
Value of this term = Tn = 14 + (n – 1)(-3) = -202
Close window
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3.3 Money matters
This is an arithmetic sequence problem involving business planning. Businesses usually hope to expand the profit they make on a yearly basis. 

(Mouse over)

Business problems usually involve percentage increases on the previous term, i.e. geometric sequences. His problem is a simplified so that the sequence is an arithmetic one. This type of problem is however a realistic example of the types of activities involved in financial planning and feasibility studies.
(End mouse over)

Nuts for you is a small business that sells snacks at taxi ranks.  Ms Thembi Kumalo who is an ambitious woman with a vision set up the company. She set herself a target that the profit her company received would increase by R100 every month.

She starts with a profit in her first month of R1500. Assuming she succeeds in her vision, determine:
Numbered list 1-2

How much profit Ms Kumalo will be making after 1 year.

How long will it take before her profit exceeds R10 000 per month. 

End numbered list

Click here for the solution:
Button:  Solution

Use indents!!
1. The first term of the profit sequence = 1500
The common difference in profit = 100
General Term: Tn = T1 + (n – 1) ( d = 1500 + (n – 1) ( 100
So after 12 months her profit per month is T12 =1500 + 11 ( 100 = R2600
2. 
[image: image14.wmf]10000
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[image: image15.wmf]1500(1)(100)10000
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( n = 86 months
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4. Adding up a sequence: Introducing the arithmetic series
When a sequence is added up to give a sum of a number of terms it is known as a series or a progression.

Examples:
1 + 2 + 3 + 4 + 5 + …  is a series whose next number can be found by adding 1.

1 + 5 + 10 + 15 + …  is an arithmetic series whose next number can be found by adding 5. 

3 + 2,5 + 2 + 1,5+ 1 + 0,5 + …  is an arithmetic series whose next number can be found by subtracting 0,5.

Series and the matches problem
Let’s return to our matches problem. But now we are not so interested in how many matches are in each shape, but how many matches are used in total, i.e. we will cumulatively add all the matches as we progress. Watch this animation:
Animated gif, or Step-by-step flash animation

Exactly the same as in 2.2, only the numbers are different, namely it is now 

S1 = 5, S2 = 5 + 7 = 12, S3 = 5 + 7 + 9 = 21 
[image: image51.wmf][image: image52.wmf][image: image53.wmf]
Note the structure and notation:
S1 = 5

S2 = 5 + 7 = 12

S3 = 5 + 7 + 9 = 21
(Mouse over)

Sn is the notation used to represent the sum of the first n terms in a series.

S3 represents the first three terms added together.
(End mouse over)

Can you develop a plan (formula) to easily find S10 and S100?
Can you generalise your method?
A bit of history

This story is told about one of the most famous mathematicians of all times, Gasuss, who lived in the 1800:
One day when he was in primary school, his teacher, just to keep the class busy, gave the class the problem of adding the first 100 natural numbers, i.e.

1 + 2 + 3 + 4 + 5 +6 + … + 98 + 99 + 100

Before the other children had even begun, Gauss had come up with the right answer!

How did he do it? We do not really know, but two explanations are:

1. He added (1 + 100) + (2 + 99) + (3 + 98) + … = 101 ( 50 = 5050

2. He wrote like this: S100= 1 + 2 + 3 + 4 + 5 +6 + … + 98 + 99 + 100

And then in reverse:S100= 100 + 99 + 98 +    … + 3 + 2 + 1

Add the two lines:  2S100= 101 + 101 + 101 + … +101 + 101

                            So 
[image: image16.wmf]100
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Try to line up the = sign in above 4 lines

Use Gauss’s method to find the answer of each of the following and think about your method:
1. 1 + 2 + 3 + 4 + … + 19 + 20
2. 1 + 2 + 3 + 4 + … + 38 + 39

3. 2 + 4 + 6 + 8 + …. + 98 + 100

4. 1 + 3 + 5 +7 + …. + 97 + 99
4. 3 + 6 + 9 +12 + …. + 27 + 30

A formula for the sum of an arithmetic sequence
We can use Gauss’s method for any arithmetic series:
Sn = T1 + T2 + …… + Tn – 1 +  Tn
Sn = Tn + Tn – 1 + …  + T2    +    T1

2Sn = (T1 + Tn) + (T1 + Tn) + … + (T1 + Tn) 

       = n ( (T1 + Tn)
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Please align =signs above
(Fill in the blanks) Activity no: More matches
In our quadrilateral matches problem above (5 + 7 + 9 + …), use the formula for the sum of a series to find out how many matches you will need to make all of the first 20 quadrilateral shapes.
Make blanks as I try to show here:
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Answer = 
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End fill in the blanks
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5. Problems involving Arithmetic Series
5.1 Overview problems
(Fill in the blanks) Activity no: Solving  problems
From the series 2 + 5 + 8 + …

1.  Determine T5, the sum of the first 5 terms of the series:
use indents
   Find the value of the 5th term using the general formula for the nth term of a sequence:
   T5 = T1 + (n – 1)d = 14
    Then use the general summation formula to find the sum with n = 5:
    S5 = 
[image: image21.wmf]2

n

(T1 + T5) = 40
2.  Determine the sum of the first 50 terms:
     Calculate the 50th term:
      T50 = T1 + (n – 1)d= 149
       Then calculate the sum to 50 terms:
        S50 = n ( 2(T1 + T50) = 3775
End fill in the blanks

Fill in the blanks Activity no: More problems
Question: Find the sum of the first 15 terms of the series: 14 + 11 + 8 + …

First find T15:
T15 = T1 +(n – 1)d = -28
Then find S15
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= -105
End fill in the blanks
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5.2 Who wants to be a millionaire?
Let’s revisit Ms Kumalo’s business:

put in a block to distinguish it from rest:
Nuts for you is a small business that sells snacks at taxi ranks.  Ms Thembi Kumalo who is an ambitious woman with a vision set up the company. She set herself a target that the profit her company received would increase by R100 every month. She starts with a profit in her first month of R1500. 
End block
Of course Ms Kumalo is interested in her profit per month, but actually she is more interested in her total profit for the year, i.e.

1500 + 1600 + 1700 + 1800 + … for 12 months.

Can you calculate her total profit for the first year?

But Ms Kumalo is very very ambitious: She wonders, if the business continues like this, how many years will it take her to make a total profit of a million rands!

And how much profit will she earn in the month she reaches the target total R1 000 000 profit?

We will need to find the sum to n terms that exceeds R1 000 000. To do this we will need to find the value of Tn and the value of n itself:
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and we know  
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Now continue to solve the problem. You can click the button below for the solution.
Button: Solution
Solution
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Use the formula to calculate the solution to this quadratic:
n < -156,66 or n > 127,66

So it will take Ms Kumalo 128 months (i.e. 10 years and 8 months) to total a million rands profit!
In the 128th month her profit will be  
[image: image29.wmf]128

1500100(1281)14200

T

=+-=


Interlude
So you are saving every month and hope to become a millionaire? Click on the Millionaire calculator button below to analyse your hopes! It shows that real life situations are not uncomplicated – Ms Kumalo should really also be considering the inflation rate, the interest rate and her tax rate.
Applet

Button: Millionaire calculator  AS TOOL, see Unit21.htm

[image: image54.png]Current age
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Source: ABSA Bank
Another formula for the sum of a series

Ms Kumalo’s problem motivates an alternative formula for the sum of a series that uses d instead of Tn: 

We know that 
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We can eliminate Tn  by substituting it into the formula for Sn:
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Paper activity  Activity no Find n

The sum of the first n terms of the series 14 + 11 + 8 + …  is -550.

Find n and the last term of the series.
Click here for the solution:

Button: Solution
Solution
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Close window
End paper
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6. WRAP UP

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link show just the outcomes as a pop-up

Paper activity:  Activity no

Use indents …
1.   Given the Sequence 25; 45; 65;

a. Determine whether the sequence is an arithmetic sequence or not. 

b. Write down the formula for the general term of the sequence.
c. Find the 10th term of the sequence.

d. How many terms in the sequence are less than 1000?
2.
A family want to invest money for their child’s education. They decide to put money into a savings account every month. They put R100 into the account in the first month and then increase what they put in by R5 every month after that (i.e. they put in R105 in the second month, R110 in the third, etc.).

a. How much do they put in the 60th month (after 5 years)?

b. Write down a formula to calculate the sum of all the money they have put in over the 5 year period, and calculate it.

c. In the series 100 + 105 + 110… , which term is just greater than 200, i.e. in which month do the family first pay more than R200?

d. In the sequence 100, 105, 110 …  Is 300 a term in the sequence and which term is it?

Click on the button blow to check your answers:

Button: Answers
Pop-up

Use indents
1.  a. Yes it is an arithmetic sequence because there is a common difference between each of the three terms: 45 – 25 = 65 – 45 = 20
b. General Term = a + (n – 1)d = 25 + 20(n – 1)

c. 25 + (10 – 1)20 = 205

d. 25 + (n – 1)20 < 1000
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      There are 49  terms less that 1000
2. a. T60 = 100 + 5(60 – 1) = 395

b.  
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i.e. 21 months

d.   
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close window

End Paper activity

(Drop down list with print, mail and save)

Number it as an activity following previous
Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Use a test to identify an arithmetic sequence.
	
	
	

	Find any term in an arithmetic sequence if given the first three terms.
	
	
	

	Calculate the number of terms less than a given maximum in an arithmetic sequence.
	
	
	

	Calculate the sum of an arithmetic series.
	
	
	


(End Drop down list)
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