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1. Introduction
This unit is about lists of numbers called geometric sequences that use multiplication to get from one term to the next. 

It is also about adding up a list of terms so that we get a geometric series. 

As in the unit on arithmetic sequences, we will be looking for a formulae for the general term of a geometric sequence and for the sum to n terms of a geometric series. 

Outcomes box

Outcomes

By the end of this session you should be able to:

· Find a common ratio for a sequence of numbers and use it to categorise the sequence as a geometric sequences.

· Write down the formula for the general term of a geometric sequence.

· Calculate the number of terms less than a given maximum in a geometric sequence.  

· Write down the formula for calculating the sum of a geometric series.

· Use knowledge of exponents and logs to calculate the sum of a geometric series.

End Outcomes box
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2. An introduction to geometric sequences
The chicken or the egg
A farmer wants to start a chicken farm to produce eggs. 
She has been told that chickens will breed for about three months a year in the summer and each hen can produce up to 6 young breeding hens for the next generation. 

The hens also produce cock chicks but they are only useful for fertilising the hens and for eating. They will not lay eggs and the farmer is advised not to keep many. 

The farmer wants to build-up the farm for 5 years starting off with 2 hens and 1 cock. If she only breeds each generation once, how many young breeding hens would she have after 5 generations?
(Fill in the blanks) Activity no: The hens
How many chicks will each chicken have in the following generation?

No of chicks each chicken will have = 6
So after the third year, how many young hens will the farmer have?

Number of hens in the third generation = 72
Complete the table below to describe the number of young hens that will be born after each successive generation:
	Generations (n)
	1st
n = 1
	2nd
n = 2
	3rd
n = 3
	4th
n = 4
	5th
n = 5

	Number of hens born on the farm. (Tn)
	2
	12
	72
	432
	2592

	Ratio or proportional increase in the

number of chickens. 
	6
	6
	6
	6
	


nbnb note that the bottom row of 6s are in THE MIDDLE of the two numbers above!
Geometric sequence 

The number of hens in successive generations (2, 12, 72, …) is an example of a sequence where the terms are formed from the previous by multiplication. Such a sequence is called a geometric sequence.

There is a common ratio (r) between each of the terms in a geometric sequence, i.e. 
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Examples

1, 5, 25, 125, …, etc,  
is a geometric sequence whose next number can be found by multiplying by 5.

3, 1, 
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, …, etc, 
is a geometric sequence whose next number can be found by multiplying by 
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 or by dividing by 3.

Explore
Experiment with the applet below: Enter values for T1 and r and press Calculate …

Try different values, e.g. T1 = 4 and r = 5; T1 = 4 and r =0, 5; T1 = 4 and r = -5.

What do you notice about these numbers?

Note: Close the pop-up window before trying another one.

Applet – Geomtric sequences – in line, see Unit22.htm – you will have to paste all the javascript into your page
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3. Towards a formula

Make sure you follow the following formalisation about a geometric sequence:

There is a common ratio (r) between each of the terms in a geometric sequence, i.e. 
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The first term (T1) of a sequence is usually called a. T1 = a
The next term in the sequence can be found by multiplying the previous term by the common ratio:

T2 = T1 ( r
T3 = T2 ( r
T4 = T3 ( r
T5 = T4 ( r
In general:

Tn = Tn-1 ( r  
It is possible to express each term in terms of T1  and r only, e.g.

T4 = T3  ( r = (T2 ( r) ( r = (T1 ( r) ( r ( r = T1 ( r3 = a ( r3
So we have the following useful pattern:
T1 = a  ( r0
T2 = a  ( r1
T3 = a  ( r2
T4 = a  ( r3

The pattern can be generalised to give us a useful formula to calculate any term in a geometric sequence:
Tn = a  ( rn-1
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4. Geometric sequence problems 
Try out some or all of the problems below if you want to get a good sense of the types of problems that may arise. 

A geometric sequence from three terms

This is a typical geometric sequence problem where you need to find different information given the first three terms of the sequence. 

Numbered list 1 – 5 

Firstly you will need to test to see whether the sequence is a geometric sequence by finding a common ratio

You will then need to identify the formula for a general term in the sequence.

You will use the formula for the general term to determine the value of one of the terms.

You will need to find out the name of a term (the sequence number n) in the sequence when given its value. 

You will need to find out how many terms are less than a given number. 

End numbered list

Given the sequence of numbers 3, 6, 12, …
Determine:

(Numbered list) 1- 5

Whether the sequence is an arithmetic sequence or a geometric sequence.

The formula for a general term in the sequence.

The value of the 10th term in the sequence. 

Which term has a value of 768?

How many terms are less than 100?

(End numbered list)

(Fill in the blanks) Solving the problem:

SAME NUMBERING AS ABOVE
USE APPROPRIATE INDENTS
1. Is it an arithmetic sequence?
  T2 – T1 = 3   and  T3 – T2 = 6
   So it is not an arithmetic sequence.
   Is it a geometric sequence? 
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   So it is a geometric sequence.
2. If n represents the term number, describe the general term (Tn) as a product of the first term (T1 or a) and the common ratio (r) raised to the number of times it will need to be multiplied to determine the value of Tn.

General Term Tn = 3 ( 2 n – 1
NOTE NOTATION: THE n – 1 is raised, it is the exponent, like in 3 ( 2n-1
3. T10 = ar (10 – 1)  3 ( 29 = 1536
4. Make the general term equal to 768 and then solve for n:
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   Which term has a value of 768?  n = 9 
5. Make an inequality with the general term less than or equal to 100 and solve for n. Remember that you can only have a whole number for the number of terms in the sequence (n).
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 and remember to include only whole numbers.

  Number of terms less than 100 = 6 
(END Fill in the blanks)
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5. Adding up a geometric sequence: The geometric series
When a geometric sequence of numbers is added up to give a sum of a number of terms it known as a geometric series or a geometric progression.

Examples

1 + 5 + 25 + 125 + …
is a geometric series with a common ration of 5 and first term  of 1.
3 + 1+ 
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 + …
is a geometric series with a common ratio of 
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 and a first term  of 3.

Geometric series and chicken farm

The sequence of numbers that represents the number of hens born on the farm after each generation is: 2, 12, 72, 432, 2592, …
If all of the hens survive, how many hens will the farmer have laying eggs after 3 years and how many after 5 years?
S3 = 2 + 12 + 72 = 86
S5 = 2 + 12 + 72 + 432 + 2592 = 3110

(Mouse over)

Sn is the notation used to represent the sum of the first n terms in a series.

S3 represents the first three terms added together.
(End mouse over)

PTO
Generating a formula for the sum of an arithmetic sequence

As with Gauss’s method for arithmetic series, we need a more efficient method to calculate the sum of a geometric series. Look at this method:

It is important in the three examples below to line up the numbers below each other, and also to draw a line as shown

S3
= 2 + 
12 + 72  


(6:
6S3
= 
12 + 72 + 432



_______________________________________________________________________________________________________________________________________
S3 – 6S3:
S3(1 – r)= 2 +
 0  +  0  – 432


for S5:

S5
= 2 +
12 + 72 + 432 +2592

(6:
6S5
=
12 + 72 + 432 +2592 + 15552


___________________________________________________________________________________________________________________________________________________________________________________________________________________

S5(1 – r)= 2 +
  0 +  0  +   0   +   0    – 15552
We can use this method for any geometric series:

Sn 
= a +
ar + ar2 + … + arn – 1

rSn 
=
ar + ar2 + … + arn – 1 + arn

Sn(1 – r)= a + 0  +  0  + … +  0       – arn
                      
[image: image18.wmf](1)

1

n

n

ar

S

r

-

=

-

  

When r >1 and the sequence is increasing, both (1 – rn) and (1 – r) will be negative and it is more convenient to use the formula as
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If you are careful with signs both of these formulas will of course always produce the correct sum to n terms of a geometric series.

(Fill in the blanks) Activity no: All the hens
Use the formula for the sum of a geometric series to find the total number of hens laying eggs that will be on the farm after 6 years.
Enter the first term of the series:
First term (a) = 2
Enter the common ratio of the series:
Common ratio (r) = 6
Enter the number of terms in the series:
Number of terms (n)= 6
Calculate the sum using the general formula:
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The total number of hens laying eggs after 6 years:
S6 = 18662
End fill in the blanks

Page 6
6. Problems involving geometric series
6.1 The sum of the series

Paper activity Activity no      
From the series of numbers: 3 + 6 + 12 +  … 
Determine:

Numbered list 1-3
1. The sum of the first 5 terms of the series

2. The sum of the first 10 terms.

3. n if the sum to n terms is 765.

End numbered list

Click here for a discussion:
Button: Discussion
Discussion
use proper indents
1. Using the formula 
[image: image21.wmf]5

5

(1)

1

r

Sa

r

-

=

-

 where a = 3 and r = 2 the sum of the first 5 terms is S5 = 93.
2. 
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3. Write down an equality in n using the given sum and the general formula for the sum of a geometric series:
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Note: We could also solve the problem using logs:
2n =256 (  log2n = log256 ( nlog2 = log256 (  
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6.2 Smaller and smaller: a reducing geometric series

From the series 100 + 40 + 16 + …

Determine:

Numbered list 1-4

The general term of the series.

The sum to 20 terms (to one decimal place).
The sum of the first 200 terms.
End numbered list

Fill in the blanks Solving the Problem
Same numbering as above
USE APPROPRIATE INDENTS BELOW

1. Before we can find the general term we need to know what kind of series it is:
40 – 10 ( 16 – 4 so it is not an arithmetic series.
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, so there is a common ratio, so it is a geometric series.
So we can apply the formula 
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The general term Tn = 10 × 0,4n – 1
NOTATION PROBLEMS: ACCEPT 0,4 AND 0.4??
2. 
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  where a = 100 and r = 0,4.
  ( S20 = 166,7
3. 
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 where a = 100 and r = 0,4.
   (  S200 = 166,7
The answer is the same for 20 terms and for 200 terms. Do you find it surprising? Can you explain it?
End fill in the blanks

The sum of an infinite number of terms
Is it not strange that for 100 + 40 + 16 + … S20 and S200 are so close in value?
Click on this button to open an Excel page showing the series. Think about it!
Button: Exell series
POP-UP: Infinity xls in assets ….

Let’s now investigate further:
Multiple choice Explaining
Find the sum of the series 100 + 40 + 16 + … to infinity.

We know that 100 + 40 + 16 + …  = 
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What happens as n increases and becomes very large?
Question: Which term changes as n increases?
Answers:

0,4n
0,4

1

100
ANSWERS SPACED HORIZONTALLY!
Question: What happens to the value of 0,4n as n gets very large?

Answers:

gets very large
gets very small
Question: What happens to value of (1 – 0,4n) as n gets very large?
Answers:

gets very small negative
gets very large positive
gets nearer and nearer to 1

NOTE SYMBOLS FOR ARROW AND FOR INFINITY BELOW!!

Question: If n ( (, then 
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Answers:
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End Multiple choice 

We can generalise our thinking about the sum to infinity:
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For |r| < 1, i.e.  -1 < r < 1, if n ( (, rn  ( 0, so Sn (  
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6.3 More problems
Paper based activity Activity no: More problems
Find the sum of the geometric series below:

Numbered list 1-5
1 + 2 + 4 + … to 10 terms

1 + 3 + 9 + … to 5 terms

1 + 
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 + 
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 + … to 10 terms
1 + 
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1 + 
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x + x3 + x5 + … to 6 terms.

End numbered list
Click on the button below to check your answers:

Button: Answers
Pop-up: Answers
Numbered list 1-5

a = 1, r = 2, n = 10, 
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a = 1, r = 3, n = 5, 
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a = 1, r = 
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a = 1, r = 
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a = 1, r = 
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a = x, r = x2, n = 6, 
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End numbered list\
Close window
END Paper based activity
Paper based activity Activity no: LOGS
If the sum of 5 + 15 + 45 + … to n terms is 605, find n.

Click on the button below to check your answers:

Button: Answers
Pop-up: Answers
a = 5, r = 3, Sn = 605:
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End pop-up
End Paper based activity
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7. WRAP UP

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link: Link to just Outcomes on page 1
(Paper-based activity)

Activity no: 

1.
Given the sequence 9, 3, 1, …


a.
Is this a geometric sequence or an aritmetic sequence?


b.
Write down the general formula for the sequence.

c.
How many terms in this sequence are greater than 
[image: image55.wmf]1
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2.
Given the series 9 + 3 + 1 + …


a.
What is the formula for the sum of the series?

b.
What is the sum of the series to 10 terms?


c.
What is the sum of an infinite number of terms of this series?
Click here to check your answers:

Button: Answers

Please use proper indents
1.
a.  Not arithmetic because 3 – 9= -6 and 1 – 3 = -2, i.e. no common difference.

Is geometric, 
[image: image56.wmf]3

1

9

3

=

, i .e. there is a common ratio= 
[image: image57.wmf]1

3

.

b. 

[image: image58.wmf]11

1

9()

3

nn

n

Tar

--

==



c. 
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The sequence is reducing, so 6 terms are greater than 
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b. 
13,5(1 –0,000017)= 13,49977

c. 
13,5
(Drop down list with print, mail and save)

Number it as an activity following previous
Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Find a common ratio for a sequence of numbers and use it to categorise the sequence as a geometric sequences.
	
	
	

	Write down the formula for the general term of a geometric sequence.
	
	
	

	Calculate the number of terms less than a given maximum in a geometric sequence. 
	
	
	

	Write down the formula for calculating the sum of a geometric series.
	
	
	

	Use knowledge of exponents and logs to calculate the sum of a geometric series.
	
	
	


(End Drop down list)
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