Unit 23: Applications of Sequences and Series 
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1. Introduction
This unit continues to develop the topic of sequences and series.  It will start off by introducing the sigma notation.  From there you will be exploring the similarities and differences between arithmetic and geometric sequences and series. In particular you will be looking at what is expected of Grade 12 learners and how we can help them to succeed.

You will also look at applications of Sequences and Series like inflation and the repayment of loans.  These financial applications affect almost all people’s lives and a sound understanding of them can influence people’s decision making.
Outcomes box

Outcomes

By the end of this session you should be able to:

· Use sigma notation to represent series.

· Demonstrate understanding of convergence and when a sum of a series to infinity will have a finite result.

· Solve problems involving inflation, depreciation, interest and loan repayments and use the results to make informed choices.

· Identify key strategies for advising learners to solve a typical exam question.

End Outcomes box

Page 2
2. Sigma notation

Sigma notation is a way of representing a series using the general term of the sequence.

Move your mouse over each part of the sigma notation representation below to find out what it is representing:
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Mouse over (n = 5)

The last term number (or the number of terms) is written above the sigma sign
End mouse over
Mouse over (n = 1)

The first term number (usually 1) is written below the sigma sign
End mouse over

Mouse over (Σ)
The Greek letter sigma (Σ) is a notation for “The sum of”. Σ is the Greek letter for “S”.
End mouse over

Mouse over (11 + n – 1)

The general term of the expression is used instead of writing out all the terms.

End mouse over

Mouse over ( = 11 + (0)3 …..)

The sum of all the values obtained when all the numbers between n = 1 and n =5 are substituted into the formula for the general term.
End mouse over
(Fill in the blanks) Activity no: Arithmetic series
The expanded form of an arithmetic series to 5 terms is shown below:

11 + (11 + 3) + (11 + 6) + (11 + 9) + (11 + 12)

The first term a = 11


The common difference d = 3
The number of terms = 5
The general term for the series = 11 + (n – 1) ( 3
The sigma notation for this series = 
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Note – I used boxes in the sigma notation to show you were the “blanks” must be – the actual notation is 
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End fill in the blanks

(Fill in the blanks) Activity no: Geometric Series
Given the geometric series  2 + 4 + 8 + 16 + 32.
The first term a = 2
The common ratio r = 2
The number of terms = 5
The general term = 2 ( 2(n – 1)
The sigma notation for this series =
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  2 ( 2(n – 1) = 2(2(0)2 + 2(2(1)2 + 2(2(2)2 + 2(2(3)2 + 2(2(4)2 
You should check by working out the right-hand-side!
(end Fill in the blanks)
(Paper-based activity) Activity no:
Use sigma notation to represent the following series to 10 terms:
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Click on the button below to check your answer:

Button: Answer
Answer

It is an arithmetic series with first term a = 
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End pop-up
End paper based activity
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3. Convergence of geometric series 

Given the series   16 + 12 + 9 + …

Represent the series using sigma notation and then:

1. Calculate the sum to 5 terms.

2. Calculate the sum to 10 terms.

3. Calculate the sum to 100 terms

4. Guess what the sum to infinity might be?

A calculator

Click here to open an Excel Geometric calculator that you can use at any time for your calculations, to check work, or to explore …

Button: Excel Calculator  Make a distinguishing button? RED!
Pop-up:  Geometric23.xls as a pop-up tool, see assets

Click here to check your answers:
Button: Answers

Answers

The series is geometric, with a = 16, r = 0,75.
1.  
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2.  
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3.   
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4   Guess 64?  Check with the Excel calculator.
Close window

Converging and diverging
Open the Excel Geometric calculator and investigate at least the following two series:
1. a = 2 and r = 2

2. a = 2 and r = 0,5

How do they behave differently? What is the difference? 

One series is converging and the other is diverging. Do you agree with the following characterisation? 
Table

	Converging 

Converging means “coming together”

When the values in a series get smaller and smaller as the number of terms increases, then the series is converging. 

The sum of an infinite number of terms in a converging series tends towards an exact finite number. 
	Diverging

Diverging means “moving apart”.
When the values in a series is get bigger and bigger as the number of terms increases, then the series is diverging.

The sum of an infinite number of terms in a diverging series is infinite. 


A formula for the sum of a converging geometric series
Our explanation of why some series converge to a limit also elads to a useful formula for finding such a limit. See if you follow this reasoning and check it numerically with the Excel calculator if you want to.
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For |r| < 1, i.e.  -1 < r < 1, if n ( (, rn  ( 0, so Sn (  
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4. Comparing arithmetic and geometric sequences
An arithmetic sequence in an additive system (addition and subtraction) is equivalent to an geometric sequences in a multiplicative system (multiplication and division). You should notice that the structures in the two systems are the same when we consistently replace addition in the arithmetic system with multiplication in the geometric system, and likewise with subtraction and division, multiplication and raising to a power, and division and roots. This should be clear in these formulae:
	Arithmetic 
	Geometric

	T3 – T2  = T2 – T1
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Use the table below to summarise the similarities and differences between arithmetic and geometric series. Write your answers on paper and then click on each cell to check your answer

Please make the cells in column 2 and 3 clickable (to show the answers only when clicked on Note, if not “click on” then “move mouse over”)
Table

	Problem Task
	Arithmetic 
	Geometric 

	How do you determine the type of sequence?
	Calculate common difference, (d)

If d = T2 – T1 = T3 – T2 then sequence is arithmetic.
	Calculate common ratio, (r)

If r = T2 ÷ T1 = T3 ÷ T2 then sequence is geometric.
Note division signs!

	How do you find the first term of the sequence?
	It is the first term given or you calculate it from the general term given
	Same, It is the first term given or you calculate it from the general term given

	How do you find the general term of the sequence.
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	What is the formula for the sum of the sequence?
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	How do you determine the number of terms if given the value of the last term?
	Use the general formula to make an equation and solve for n 
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	Use the general formula to make an equation and solve for n 
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	How do you determine a term number given any value in the sequence?
	Exactly as above with n representing the given term number.
	Exactly as above with n representing the given term number.

	How do you determine the number of terms given the sum?
	Use the formula for the sum to make an equation and solve for n
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This will give a quadratic equation that must be simplified and solved. One value of n will be not feasible. (negative)
	Use the formula for the sum to make an equation and solve for n 
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This will give an exponential equation that must be simplified and solved. 

	How do you insert a term (or a mean) in between two given terms (the arithmetic or geometric means)?
	Use the common difference and its formula. 
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	Use the common ratio and its formula.
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	How do you insert three terms (means) into a sequence or series?
	Let the first given term be a. Then the other given term will be the 4th term so:
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The two terms are therefore 
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	Let the first given term be a. Then the other given term will be the 4th term so:
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The two terms are therefore:
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	What is the sigma notation for the sum of the series?
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	What is the equation relating the sigma notation to the formula for the sum of the series?
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5. Geometric series, inflation, depreciation, interest and repayments

Here is a typical financial problem applying the concepts of geometric sequences and series:

A company are offered a special deal on a fleet of new cars for its sales staff. They can get the cars for R120 000 if they buy at least 10 cars and they pay for the cars in full. The price for one car is usually R140 000. The company hopes to keep the cars for 5 years. The cars are expected to depreciate by 12% of their full retail value every year. The inflation rate is expected to be around 8% for the next 5 years. 
If they buy the cars:

1. What will the resale value be after 5 years?

2. What will the price of a similar new car be after 5 years if prices rise with inflation?

3. If they pay cash for the cars they will lose out on an investment earning 15% per year. How much will they lose?

4.
A finance company has offered them a deal that will cost the company R33 458 per month over a 5 year period (60 months) in repayments. How much would this cost over the 5 year period. 

5.
What advice would you give the company between the two payment options?

We will be solving these problems one by one in a demonstration and question-and-answer mode.
Note: Click here to open the Geometric sequence applet and we suggest you keep it open. You can use it for your calculations and to check results, and to explore the behaviour of different geometric sequences.

Button Geometric calculator

How about a different button for a change?? A RED one for the calculator!?

Pop-up    Applet – GeomtriCalculator.htm in assets – as a pop-up TOOL, minimum window, no close window button
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1. The resale value after 5 years
The starting value of 10 cars is  R1 400 000.
If the cars depreciate at 12 % per year, their value after I year is given by

R1 400 000 – R1 400 000 × 0,12 = R1 232 000
If we regard these two values as the first two terms of a geometric sequence, the depreciating common ratio is given by:
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The general term of the depreciating sequence of values is therefore  1400000 × 0,88n – 1.
Click the button below to see a depreciation table and some important notes. Then answer the questions that follow.

Button: Depreciation table

Pop-up:

Table: Title, heading:Depreciation Table for R1 400 000 depreciating at 12% over 5 years

	Year
	Depreciation amount
	Depreciation Ratio
	Depreciated value
	Common Ratio

	0
	
	
	R1 400 000
	

	1
	R 16 800,00
	0,12
	R 123 200,00
	0,88

	2
	R 14 784,00
	0,12
	R 108 416,00
	0,88

	3
	R 13 009,92
	0,12
	R 95 406,08
	0,88

	4
	R 11 448,73
	0,12
	R 83 957,35
	0,88

	5
	R 10 074,88
	0,12
	R 73 882,47
	0,88


Some important notes

Bullited list

Percentages must be converted into ratios i.e. 12% = 0,12 and 88% = 0,88.
r = Depreciated value = (1 – 0,12) = 0,88

An expression for depreciation will often be expressed as Tn = a(1 – r)n  where r is the depreciation ratio, not the common ratio (0,12 in this case)
When n represents a period of time, the first term if the series is often at t = 0, i.e. the second term is at the end of year 1, the third term is at the end of year 2, etc. 

You therefore often see (n – 1) replaced by n in the formulae so that the end of the 5th year for example gives the 6th term. 
END Bullited list

End pop-up: Close window
Fill in the blanks  Activity no: Depreciation
What is the value of the 10 cars at the end of the 5th year (beginning of the 6th year)? 

R738 824,70
What is the depreciated value of each car?    R73 882.47
END Fill in the blanks
2. The price of a similar new car after 5 years 

This part of the problem is about inflation and how prices will rise over time. 

The starting value of 10 cars is = R1 400 000.
At is 8% inflation per year, the value of a similar new car after 1 year will be
R140 000 + R140 000 × 0,08  = R151 200

If we regard the start value and this value as the first two terms of a geometric sequence, the inflation common ratio is given by:
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The general term of the inflating sequence of values is therefore  1400000 × 1,08n – 1.
Fill in the blanks  Activity no: Inflation
What is the inflated cost of a new car at the end of the 5th year (beginning of the 6th year?) 

R
[image: image46.wmf]5
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= R205 705,93
What will the inflated cost of 10 cars be?   R2 057 059,30
END Fill in the blanks
3. Lost investment earnings 
This part of the problem looks at interest that might be earned if money was left in an investment account instead of used to buy cars. Companies often have to choose whether to use their invested capital to buy assets or to finance them using loans.

How much money (capital) will The company need R1 200 000 capital to buy the cars if they surrender their investments.
So the value of the capital after 1 year = R1 380 000
If we regard these as the first two terms of a geometric sequence, the investment common ratio is 1,15.
The general term of the investment sequence of values is R1 200 000 × 1,15  n – 1
Paper activity  Investment
1. What is the investment value at the end of the 5th year (beginning of the 6th year?) 

2. What will the capital gain be after 5 years?

3. Is this investment better than inflation? Will the company be able to afford 10 new cars in 5 years time if they have the money invested?

Click here for the answers:

Button:  Answers
Answers
1. Investment value for year 5 (n = 6) = 
[image: image47.wmf]5
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= R2 413 628,63

2. Capital gain = Investment Value – Initial Investment = R1 213 628,63

3. Yes  They will comfortably be able to afford the cars with R350 000 left over.
CLOSE WINDOW
End paper activity

4. A finance company offer 

Make sure you agree with these values:

The offer is for a repayment amount of R33 458 per month over a 5 year period.

So the repayments per year is R401 496,00, and in total over the 5 years R2 007 480,00 
5. What advice?

The table below summarises the company’s options for buying the 10 cars:
Table  As small possible – make smaller fonts?
	
	General formula
	Total value or cost.

	The resale value after 5 years 12% depreciation per year
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	R738 824,70

	The cost of new cars in 5 years due to 8% inflation
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	R 2 057 059,30

	The lost capital investment opportunity should the company give up its capital investment of 15% per annum
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	R 2 413,628,63

	The total cost of repaying a loan of R33 458,00 per month over a 5 year period
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	R2 007 480,00


Should the company take the loan or spend their capital? Which would leave them better off?
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6. A matric exam question and a solving strategy
We end with one question from the matric examination.  Solve it, for yourself, and reflect on what learners need to know to solve the problems, what strategies are useful, and what other advice you would offer them to succeed.
APPROPRIATE FORMULAE MUST BE USED IN THIS QUESTION. 

5.1
If 
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, show that a, b and c form a geometric sequence. 

(3) 

5.2
In an arithmetic progression the eighth term is twice the fourth term. The sum of the first three terms is 12. Determine the first term. 

(5) 

5.3 
The sum of n terms of an arithmetic series is 5n2 – 11n, for all values of n. Determine the common difference. 

(5) 

5.4.1 For which values of k does the series 
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5.4.2 If the series does converge, prove: 
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5.4.3 Hence, or otherwise, evaluate
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5.4.3 
(a) when k = 1 

5.4.3 
(b) when k = – 1 

(3) 
image = PAPER.BMP = PLACE NEXT TO TEXT, AS IN ORGINAL EXAM PAPER.
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5.5 
A hot-dog vendor stores his supplies at his house. On his first day of business, he loads his trolley and pushes it the length of a block, which is 79 metres away from his house. At sunset he returns home. The next day he walks double the distance, 158 metres, before he starts to sell his goods. On the third day he walks 3 blocks, which is 237 metres from his house. Every day he walks one block further. If all the blocks are of the same length, calculate how many kilometres he will walk in 28 days. (Leave your answer correct to the nearest kilometre.) 

(6) 

Source: Nov 2000 Gauteng Paper 1 (Grade 12 Mathematics – HG)
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7. Wrap up

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link: Link to just Outcomes on page 1
(Paper-based activity)

Activity no: 

The sum of the first 3 terms of a geometric series with positive terms is 
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 and the sum to infinity of the series is 
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1. Write down an equation representing the sum of the first three terms.

2.  Write down an equation representing the sum to infinity using sigma notation 

3.  Determine the common ratio of the series.

Click here to check your answers:

Button: Answers

Please use proper indents
1. 
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3.  From 2   
2a = 1 – r, i.e. 
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(Drop down list with print, mail and save)

Number it as an activity following previous
Now assess your own progress in the following simple matrix of the outcomes:
	Outcome
	Not achieved
	Partially achieved
	Achieved

	Use sigma notation to represent series.
	
	
	

	Demonstrate understanding of convergence and when a sum of a series to infinity will have a finite result.
	
	
	

	Solve problems involving inflation, depreciation, interest and loan repayments and use the results to make informed choices.
	
	
	

	Identify key strategies for advising learners to solve a typical exam question.
	
	
	


(End Drop down list)
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