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1. Introduction

This unit develops how the rate of change of a function over a very small period of time tends towards a fixed value called a limit. 

You will use formulae for the average slope to describe a rate of change in mathematical form. You will then learn how this formula can be used to determine the instantaneous rate of change of the function by finding the limit as the interval width gets smaller and smaller and eventually “tends to zero”. This is called differentiation from first principles and it is the basis for all of Calculus.

Finally you will learn about some of the rules of differentiation and how you can simplify the process by using rules to differentiate functions instead of differentiating from first principles.

Outcomes box

Outcomes

By the end of this session you should be able to:

· Explore what happens to the slope of a graph when the interval between points gets smaller and smaller.

· Find the instantaneous slope of a given function by making the interval between points smaller and smaller.

· Find the instantaneous slope of a function by determining the limit as an interval width h tending to zero.

· Demonstrate your ability to differentiate a function from first principles.

· Deduce and apply the rules for finding the derivative of f(x)= xn, f(x) = cxn and f(x) = xn+xm
· Apply a procedure for differentiating complex expressions.

· Analyse a task for learners about differentiation. 

End Outcomes box
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2. Slopes of graphs and interval widths
Dividing up the slope of a curve 

Calculus is about determining the instantaneous slope or rate of change of a function at any point.  Why should this need a whole branch of mathematics? The reason lies in the problem of dividing by zero. Calculus is necessary because you cannot evaluate a slope with an interval width of zero.  This is illustrated in the following animation:
Step-by-step flask animation
Animation in-line, as small as possible! 
Start with this text at bottom of screen:

We cannot evaluate a slope with an interval width of zero ….
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Next, show rectangle and text:

The slope of the diagonal of the rectangle is 
[image: image1.wmf]2

1

.

Next: First the text, time to read it, then change the sketch over the previous:
[image: image107.jpg]



Now divide the rectangle into 4 equal rectangles …
The slope of the diagonal of the smaller rectangle will be 
[image: image2.wmf]2
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.
Next: The text, then a series of continuous changes of lines in the rectangle , one over the other ….
[image: image108.jpg]



If we continue in the same way, until the rectangle is “invisible”, the slope will still be 
[image: image3.wmf]2
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.

Next: change the text:

The slope will be exactly 
[image: image4.wmf]2

1

, even though the length of the rectangle will be nearly zero.
The length will never be zero and you cannot assume that it is zero no matter how small the length becomes.
Can we be really fancy and continuously enlarge the bottom right rectangle while it is being made smaller and smaller, i.e. zooming in so that visually it flies out of the page towards the eye???
this closing text:

That is why all the talk is about “infinitely small” or “increments” or “very small changes”.

End Flash animation
(Paper based activity) 

Activity no: Linear functions

Image: insert graph next to text
[image: image109.jpg]


We know the slope of a line through two points.(x1; y1) and (x2; y2) is given by 
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Evaluate the average slope of the function f(x) = 3x – 30 at the point (20; 30) using

1. Two points at equal increments in x of +5 and -5 on either side of the point,
2. Two points at equal increments in x of +2,5 and -2,5 on either side of the point.

3. Two points at equal increments in x of +1 and -1 on either side of the point.

4. What can you say is the value of the instantaneous slope at the point (20; 30)?

5. What would happen if we used an increment of 0 to calculate the slope?

6.  What is the minimum number of points you need to determine the slope of any curve? 

Instruction: Click on the button below for the answer:
Button: Answer

Pop-up: Answer
1.   y-value at x2 = 20 + 5  is y2 = 3 ( 25 – 30 = 45
     y-value at x1 = 20 – 5  is  y1 = 3 ( 15 – 30 = 15
     Average slope between these points = 
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2.   y-value at x2 = 20 + 2,5  is  y2 = 3 ( 22,5 – 30 = 37,5
     y-value at x1 = 20 – 2,5  is   y1 = 3 ( 17,5 – 30 =22,5
     Average slope between these points = 
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3.   y-value at x2 = 20 + 1  is  y2 = 3 ( 21 – 30 = 33

     y-value at x1 = 20 – 1  is   y1 = 3 ( 19 – 30 =27
     Average slope between these points = 
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4.   3
5.   
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 Undefined.
6.  2

Close window
(Paper based activity) 
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3. The slope of a non linear function
For a linear function there is no problem determining the slope at a point because the average slope is exactly equal to the instantaneous slope. 

For a non-linear function however this is not true. Let’s investigate by looking at this graph:
(Image) Non_linear.jpg, in line
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(Paper based activity) 

Activity no: Non-linear functions

Use the values in the above graph, evaluate the average slope of the function at the point (20; 30) using

7. an increment in x of +5 or -5.
2. an increment in x of +1,25 or -1,25

3. Which solution will represent the most accurate value for the slope of the function at the point (20; 30)?

Instruction: Click on the button below for the answer

Button: Answer

Pop-up: Answer
1.   y-value at x2 = 20 + 5  is  y2 = 45
     y-value at x1 = 20 – 5  is  y1 = 10
     Average slope between these points = 
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2.   y-value at x2 = 20 + 5  is  y2 = 34

     y-value at x1 = 20 – 5  is  y1 = 26,5
     Average slope between these points = 
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3.   The average slope over the smaller interval width.
Close window

(End paper based activity)

A graphical interpretation

Click on the Slope button below to see a graphical interpretation of the situation:
applet:

3. Slope, in htm, see Unit27.htm – it makes its own button and pop-up tool!
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Button:  Slope
The red line is the tangent to the graph at x = 6. This tangent has a slope of 1,2 at x = 6, which means that the average gradient of the graph at x = 6 is 1,2.

The blue line is a secant  to the graph – it cuts the graph in two places. Now drag the blue point closer to the red point and observe how it’s slope changes …

When will the blue line and the red line have exactly the same slope?
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4. Limits and differentiation from first principles

4.1 Rate of change (slope) of a function
If a function is written f(x) then the average slope (gradient) of the function at a point x = a can be calculated as follows:
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where h is a small increment that gives a second point close to the point where x = a.

note – I am not naming an activity here!

The Problem

Calculate the average rate of change (slope) of the function 
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 No need to use Eq Editor! at the point x = a = 4, for smaller and smaller increments in x. Summarise your results in the table below by filling in the blank spaces. (See the mouse-over help in the second row.)
(Fill in the blanks) of course also with check answer!
	Values of a
and h
	a
	a + h
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	f(a)
	f(a + h)
	

	a = 4

h = 1 
	4
	5
	33
	51
	18

	a = 4 

h = 0,5
	4
	4,5
	33
	41,5
	17

	a = 4 
h = 0,1
	4
	4,1
	33
	34,62
	16,2

	a = 4
h = 0,01
	4
	4,01
	33
	33,1602
	16,02

	a = 4
h = 0,0001
	4
	4,0001
	33
	33,0016
	16,0002


(Mouse over messages) Please insert the following mouse over messages for each column, second row, above.
	
	a is a value of x found in the first column
	h is the increment also found in the first column. 
	f(a) needs to be calculated by substituting the value for a into the function f(x) = 2x2 + 1
	f(a +h) needs to be calculated by substituting the value for (a + h) into the function f(x) = 2x2 + 1
	The slope needs to be calculated by substituting values for f(a), f(a + h) and h into the formula for slope. 


(End Mouse over)

Do you agree that:
· The values of f(x) and f(x + h) as h gets smaller become closer together?
· The value of the average slope as h gets smaller, gets closer and closer to the exact slope at x = 4?
· The value of the slope at exactly x = 4 is exactly 16?
A graphical interpretation

Click on the Slope button below to see a graphical interpretation of the situation:

applet:

4.1 Slope , in htm, see Unit27.htm – it makes its own button and pop-up tool!
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Button:  Slope

The red line is the tangent to the graph at x = 4. The blue line is a secant  to the graph – it cuts the graph in two places. Now drag the blue point closer to the red point and observe how it’s slope changes … Note: you can also type in the x-values of the blue and red points …

When will the blue line and the red line have exactly the same slope?
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4.2 The slopes of x2 and x3 at x = 1

(Fill in the blanks) Activity no: x2 and x3
Use a very small value of h (0,001) to estimate the value of the slopes of the functions x2 and x3 at the point x = 1. 

(Table)

	Function
	A
	a + h
	f(a)
	f(a + h)
	
[image: image17.wmf]()()
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	x2
	1
	1,001
	1
	1,002001
	2,001

	x3
	1
	1,001
	1
	1,003003
	3,003001


(Mouse over messages) Please insert the following mouse over messages for each column. Every cell in the column should show the same mouse over message
	
	
	
	f(a) needs to be calculated by substituting the value for a into the functions (x2 or x3) 
	f(a + h) needs to be calculated by substituting the value for (a+h) into the functions (x2 or x3)
	The slope needs to be calculated by substituting values for f(a), f(a + h) and h into the formula for slope. 


(End Mouse over)
(End Fill in the blanks)

What do think the value of the slope of the function x4 will be at the point x = 1? How can you check your answer?
A graphical interpretation

Click on the Slope button below to see a graphical interpretation of the above situation:

applet:

4.2 Slope , in htm, see Unit27.htm – it makes its own button and pop-up tool!
Button:  Slope
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The red line is the tangent to the graph x2  at x = 1. The blue line is a secant  to the graph – it cuts the graph in two places. Now drag the blue point closer to the red point and observe how it’s slope changes …

When will the blue line and the red line have exactly the same slope?

Note: you can also type in the x-values of the blue and red points … And you can type in your own function (e.g. x3 in place of x2), so you can use this graph to find the slope of any function at any point ….
Differentiation

Differentiation is based on these principles. If you are asked to find the value of the differential of a function at a point it means to find the slope, gradient or tangent of that function at that point.
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4.3 Limits and the slope of a curve at a point
In mathematical notation the word limit is used to describe what happens to a function at “tricky” values like 0 or infinity or any number that causes a division by zero. 

The most important thing to remember is that you can never divide by a number equal to zero. That means that in determining limits of average slopes you will always need to eliminate the h term in the denominator. The animation below illustrates the method:
Step-by-step flash

In line, AS SMALL AS POSSIBLE!
Heading of animation, to remain

Evaluate the limit of a slope at a given point 

Example: The limit of the slope of the function y = x2 at the point x = 1.
Text at bottom, then text to REPLACE previous text, but mathematics to be added in sequentially, line by line:

ALWAYS, FIRST TEXT, A MOMENT TO READ IT, THEN FOLLOWS MATHEMATICS!

I prefer one CONTINUE BUTTON, NOT SEPARATE 1, 2, 3, BUTTONS!!!

First:
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This is the definition of the limit of a slope.

Then, the text is replaced, but the maths adds a line:
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 at x = 1

Substitute the given function x2 into the limit definition.

Then
= 
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Substitute the given point value, i.e.  x = 1

Then

= 
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Simplify 

Then:
= 
[image: image22.wmf]0
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Divide top and bottom by h.

Then: 

 = 2 
Let h tend to zero

End flash
(Fill in the blanks)
Activity no:  Instantaneous rate of change
Calculate the instantaneous rate of change or the slope of the graph at the point x = 1 for the functions in the table below. 

Do your calculations on paper and then type just your answers into the table.
	f(x)
	Slope of f(x) at x = 1

	x
	1

	x2
	2

	x3
	3

	2x
	2

	2x2
	4


Question: Use the pattern in the table above to predict the slopes of the following functions:
	f(x)
	Slope of f(x) at x = 1

	2x3
	6

	x4
	4

	2x4
	8


(End Fill in the blanks)
Let’s now generalise and find the instantaneous rate of change or slope at any point x.  So we work with  x rather than a number, or if you prefer, substitute x with x! Make sure you understand the following illustration:
Step-by-step flash

In line, AS SMALL AS POSSIBLE!
Heading of animation, to remain

Determine the slope function

Example: Find the slope of the function f(x) = x2
Text at bottom, then text to REPLACE previous text, but mathematics to be added in sequentially, line by line:

ALWAYS, FIRST TEXT, A MOMENT TO READ IT, THEN FOLLOWS MATHEMATICS!

I prefer one CONTINUE BUTTON, NOT SEPARATE 1, 2, 3, BUTTONS!!!

First:
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This is the definition of the limit of a slope.

Then, the text is replaced, but the maths adds a line:
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Substitute the given function x2 into the limit definition.

Then
= 
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Simplify 
Then

= 
[image: image26.wmf]2
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Simplify some more.
Then:
= 
[image: image27.wmf]0
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Divide top and bottom by h.

Then: 

 = 2x 

Let h tend to zero.
End flash

(Fill in the blanks)
Activity no:  Slope functions
Calculate the instantaneous rate of change or the slope of each of the functions in the table below. The solution should be in terms of x rather than a number. 

Do your calculations on paper and then type just your answers into the table.

NOTATION PROBLEM!!! We either have to say they must type x2  as x^2, or you must make a blank for exponent? 
	f(x)
	Slope of f(x)

	x
	1

	x2
	2x

	x3
	3x2

	2x
	2

	2x2
	4x


Now write down without any further calculations what you predict the slope of the following functions will be. If you do not see the pattern, try working out a few more.
	f(x)
	Slope of f(x)

	x4
	4x3

	x5
	5x4

	2x4
	8x3

	2x5
	10x4


(end Fill in the blanks)
If you need to check on the method, click here for a summary:
Button: Slope method

pop-up:

	f(x)
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	Numerator simplified
	Fraction simplified
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	x
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Close window
(End Fill in the blanks)
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4.4 Differentiation by first principles
When you differentiate a function you are finding another function that describes the rate of change or the slope of the first function.

Instruction: Click on the button below for more information on differential calculus notation and language, if you need it.
Button: Notation and Language
Pop-up: Differential Calculus Notation and Language
The rate of change of a function is the derivative of that function, written as

[image: image43.wmf]0
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and in words:
“the derivative of f of x is f dashed of x”

If a function is given in x and y, e.g. 

y = 3x2 + 2x + 4

Then the rate of change of y with respect to x is the derivative of the function, written


[image: image44.wmf]dx
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and in words:
“the derivative of y is dy by dx”

Note 
These are different notations for the same idea!
Close window
Differentiation by first principles refers to finding the limit of a function as h tends to zero. It is the method illustrated in the previous section – click here if you want to revise the method:

Button: First principles 

Make a pop-up TOOL, as small as possible of the second flash animation in previous section, i.e. the one “Determine the slope function Example: Find the slope of the function f(x) = x2”
(Paper based activity) 

Activity no: First principles

Question: Differentiate the following functions from first principles. When you have finished check your answers by clicking on the solution button below.
(Numbered list) Please number each of the following function 1-4)
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(End numbered list)

Button: Solution
Have to make these fit!!!!!
	f(x)
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	Numerator simplified
	Fraction simplified
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Close window
(End Paper based activity)
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5. Rules (formulae) for differentiation
5.1 Derivatives
(Fill in the blanks) including answers of course…
Activity no: Derivatives
Complete the table below by filling in all the values for the derivatives of the functions listed. Don’t evaluate any expression you have already done or any that you can see the answer for straight away. 

Please keep the f(x) = in the second column so that they only have to fill in the rest!
	Function
	Derivative or Slope

	f(x) = 2
	f’(x) = 0

	f(x) = x
	f’(x) = 1

	f(x) = 2x
	f’(x) = 2

	f(x) = 2x + 2
	f’(x) = 2

	f(x) = x2
	f’(x) = 2x

	f(x) = 2x2
	f’(x) = 4x

	f(x) = 2x2 + 2x + 2
	f’(x) = 4x + 2

	f(x) = x3
	f’(x) = 3x2

	f(x) = 2x3
	f’(x) = 6x2

	f(x) = 2x3 + 2x2 + 2x + 2
	f’(x) = 6x2 + 4x + 2

	f(x) = 2x10 + 2x2 + 2x + 2
	f’(x) = 20x9 + 4x + 2

	f(x) = xn
	f’(x) = nxn-1


Please move the bulleted list (and its heading) next to (right side) of the table above!!

All of the following mean the same thing:
(Bulleted list)

Rate of Change

Slope

Gradient

Tangent

Derivative

Differential

f’(x)


[image: image67.wmf]dx
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(End bulleted list)
(End Fill in the blanks)
(paper activity)
Activity no: The rules

Now generalise from the results of the table above:

Formulate, in symbols and in words, the formula (rule) for differentiating each of the following polynomial forms:

1. xn

2. cxn
3. xn+ xm
Click on the button below for the formulae:

Button: Formulae

Pop-up:

1. 
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Close window

(End paper activity
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5.2 Differentiating functions or expressions

Note

Rules for differentiation
Note it is f( (dashed) not f’(quote)!!!!!!!!!
f((xn) = nxn-1 
e.g.
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f((cxn) = cn n-1
 
e.g.
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f((xn+ xm) = nxn-1 + mxm-1 
e.g.
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(End Mouse over)

NOTE – NO NEED TO MAKE AN “ACTIVITY”!
Use the rules for differentiation to determine the derivatives of each of the following expressions. Then click on the answer button next to each expression:
Create numbered list 1, 2, 3, …..

Please create an answer button next to each of the expressions!

Note it is f( (dashed) not f’ (quote) EVERYWHERE BELOW!!!!!
f(x) = 5x3
Button: Answer
Pop –up: f’(x) = 15x2
End pop-up
f(x) = 5x5 + 2x2 – 2

Button: Answer
Pop –up: f’(x) = 10x4 + 4x
End pop-up
y = -x3 + 3x2 + 9
Button: Answer
Pop –up: f’(x) = –3x2 + 6
End pop-up
y = 2(x4 – x) + 9
Button: Answer
Pop –up: f’(x) = 2(3x3 – 1)
End pop-up
f(x) = (x + 3)(x – 6)
Button: Answer
Pop –up: f’(x) = 2x – 3
End pop-up
f(t) = s = ut + 
[image: image75.wmf]2

1

at2
Button: Answer
Pop –up: f’(t) = u + at = v =
[image: image76.wmf]dt

ds


End pop-up

Page 10
(Paper based activity) 5.3 Differentiating complex expressions
Differentiating is simply a matter of using the rules carefully. 

You will often need to change your expression into a standard form before you can differentiate it. 

Instruction: If you need help to differentiate more complex expressions click on the button below
Step-by-step flash

In line, AS SMALL AS POSSIBLE!
Heading of animation, to remain

Differentiating more complex expressions
Example:  
[image: image77.wmf]2
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Storyboard:

Text at bottom, then text to REPLACE previous text, but mathematics to be added in sequentially, line by line:

ALWAYS, FIRST TEXT, A MOMENT TO READ IT, THEN FOLLOWS MATHEMATICS!

I prefer one CONTINUE BUTTON, NOT SEPARATE 1, 2, 3, BUTTONS!!!

First:

[image: image78.wmf]2
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Expand any products in the expression.
Then:
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()234

fxxxx

-

=--+


Change any roots into exponents (
[image: image83.wmf]2
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) and move any variables (x) in the denominator into the numerator (
[image: image84.wmf]1

1

-

=

x

x

).
Then:

plus above

[image: image85.wmf]22
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Use the rules to differentiate each term.
Then:

[image: image86.wmf]2
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Translate negative or fractional exponents back into fraction or root form.
END Step-by-step flash

NOTE – NO NEED TO MAKE AN “ACTIVITY”!
Differentiate the expressions below using the rules of differentiation. Then check your answer by clicking on the answer button next to each expression.
Make numbered list 1, 2, 3, ….
Please create an answer button NEXT TO each of the expressions!
1.  
[image: image87.wmf])

4

(

)

(

3

x

x

x

x

f

+

=


Button: Answer
Pop –up: f’(x) = 4x3 + 4)
End pop-up
2. 
[image: image88.wmf]2
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Button: Answer
Pop –up: f’(x) = 
[image: image89.wmf]3
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End pop-up
3. 
[image: image90.wmf])
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DO AUTO NUMERING PLEASE!
Button: Answer
Pop –up: f’(x) = 8x
End pop-up

[image: image91.wmf]2
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Button: Answer
Pop –up: f’(x) = 4x3
End pop-up
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Button: Answer
Pop –up: f’(t) = 
[image: image93.wmf]3
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End pop-up

[image: image94.wmf]2

673

()

31

xx

fx

x

+-

=

-


Button: Answer
Pop –up: f’(x) = 2
End pop-up
You can also practise step-by-step differentiation on the internet at

http://www.calc101.com/webMathematica/derivatives.jsp
EXTERNAL LINK
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6. Thinking about teaching
Here is a concluding task for learners. Read through the requirements of the task and then give your professional opinion about the statements that follow.

The learner’s task can be in a box to distinguish it from the rest of the question
(Box)

TASK
Rocket Launch and differentiation

The Situation
(Image) Please keep the image (graph) next to the text 
Zandile has built a home-made rocket using a 2 litre plastic bottle and a car valve. She uses a pump to pump up air into the sealed bottle until the valve bursts. The rocket then takes off as the air escapes.

She has filmed her rocket flying up and down and from an analysis of the film she has plotted the height vs. time graph shown here. She has also analysed the shape of the graph and from the turning point and the roots has deduced the function below describing the relationship between height and time:

[image: image95.wmf]23
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Height(rocket)(5)
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tt

=-


(True and false)
The Task

Zandile would like to know the following:
(numbered list) Please number each of the following 3 questions!
1. What was the fastest speed the rocket reached when going up and how long it took to reach that velocity?

2. What speed was it travelling when it hit the ground?

3. What was the acceleration of the rocket when it took off and when it landed?

(End numbered list)

(Paper activity)

Activity no: Rocket Launch
Answer Zandile’s questions for her.
Check the answers by clicking the button below:
Button: Solution

Pop-up: Solution

(Table)

	Height

h
	Vertical velocity
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	Acceleration
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[image: image100.wmf]t
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(numbered list) Please number each of the following 3 paragraphs)
1. All these expressions can be plotted using either a table of values or the properties of the functions. The fastest speed will be reached when the acceleration is zero. (solve for the time using acceleration function).

2. The rocket hit the ground when the height was zero (a root of the height function) but it is much easier to read the time off the given graph (we are told that the function was derived from the graph).

3. Substitution of times into the appropriate acceleration equation.
(End bulleted list)
End pop-up
(End Box)

(Drop down list with print, mail and save) 

Activity no: What do you think?
Instruction: Respond to the following statements about this task:
Statement: This is a nice challenge for learners. It will give them a sense of what calculus is about and an opportunity to use the rules of differentiation.
Answers: Agree  Disagree

Statement: This is a very difficult and beyond almost all Grade 12 learners.
Answers: Agree  Disagree

Statement: It is nice to see calculus linked to the interpretation of graphs as often as possible.
Answers: Agree  Disagree

Statement: A rich task should be able to be dealt with at different levels. Most learners will be able to answer the question at some level or other.
Answers: Agree  Disagree

Statement: This task will take far too long.
Answers: Agree  Disagree

(End Drop down list )
Page 12
7. Wrap-up

Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link: Link to just Outcomes on page 1
(Paper based activity)

Activity no: A rocket

1. The flight path of a rocket in the vertical direction is described by the equation: 
[image: image101.wmf]23
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Using first principles, differentiate the expression to find the velocity of the rocket with respect to time. i.e. 


[image: image102.wmf]'
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Confirm your answer using the rules of differentiation.
2. Differentiate these expressions:
a. 
[image: image103.wmf]2(1)(3)
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b. f(x) = 
[image: image104.wmf]x

4


Instruction: Click on the button below to check your answers:

Button: Answers
2 a. 6x2 – 8x – 6
   b. 
[image: image105.wmf]2

3

2

-
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x


Close window
(End Paper based activity)

(Drop down list)
Activity no: Self Assessment
Instruction: To what extent do you agree with the following?
Statement: I now have a clear idea of why the instantaneous slope of a curve tends to be equal to the average slope over a very small interval.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I know why we need to use language like “tends to zero” for calculus rather than saying a value is “approximately equal’ to zero.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I can find the value for the instantaneous slope of a function by making the interval size small.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I can use the limit method to find the differential of a function from first principles.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I can apply the rules of calculus to diffentiate complex expressions.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I am uncomfortable with the development used here. I will continue to approach calculus in the way I always have.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree

(End Drop down list)
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