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1. Introduction

This unit is about applying the Calculus in different situations. It involved two main areas:

Firstly Calculus is widely applied in curve sketching because a knowledge of calculus helps us to determine the slope or the gradient of a graph at any point. This can be used to determine key points where the slope is zero. These points represent turning points on a curve and are therefore particularly significant and useful in determining the shape of the curve.

Secondly Calculus is widely used to solve practical problems involving maximum and minimum values. These are very important in calculating real quantities in Science or Technology. For example, if you kick a ball straight up in the air, the maximum height it will reach will be at the point where its vertical velocity is zero. This point represents a “turning point in action”. In this real situation it is the point where the ball starts to come down again and therefore also the point of “maximum height”. 

Outcomes box

Outcomes

By the end of this session you should be able to:

· Use Calculus to help you to sketch graphs.  

· Relate the rate of change of a function that models a real quantity to the differential equation of the function and the slope of the graph of the function.

· Interpret graphs and relate them to real events.

· Solve problems involving rates of change and find a maximum or a minimum value of a quantity.

End Outcomes box
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2. Using Calculus to help sketching graphs
(Paper based activity) 2.1 The linear function f(x) = mx + c
Given the function 
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, determine:
(Numbered list)

Please number the following questions 1-6
The derivative of the function.
The x-intercept.
The y-intercept.
The slope at the y intercept.
The slope at the x-intercept.
Sketch the graph of f(x).

Instruction: If needed, click on the button below for an overview of how the Calculus applies to the linear function.
Button: Linear review

Pop-up: The linear function f(x) = mx + c
If you differentiate the linear function, you get 
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This implies that the slope is constant and therefore that the line is straight. 

There are no turning points and no minimum or maximum points

Close window
Click here for a discussion on the solution:
Button: Discussion

Pop-up: Discussion

(Numbered list)

Please number each of the following answers 1 - 6
Number 1
To find the derivative of the function, expand the function f(x) = 2(2x + 3):
f(x) = 4x + 6, ( f’(x) = 4

This means that the slope (m) of the linear function is 4.
Number 2
To find the x intercept, let f(x) = 0 and solve:
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Number 3
To find the y intercept, substitute x = 0 and solve for f(x):
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Number 4
The derivative f’(x) of the function is the slope. But f’(x) = 4 everywhere, it is independent of x.
Number 5
Ditto
Number 6

Click on the Linear graph button to see a graph of the function and its derivative. What sense do you make of these graphs? Use the graph to test your previous answers.

Applet: Linear graph in Unit 28.htm, makes its own button and opens as a tool!

Linear graph 
End pop-up
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2.2 The quadratic function f(x) = ax2 + bx + c
No activity title – it is just text!
Given the function 
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, determine:
(Numbered list)

Please number the following questions 1-8
The derivative of the function.

The x-co-ordinate of the turning point.

The y-co-ordinate of the turning point.

The y-intercept.
The slope at the y intercept.
The coordinates of the point symmetrical to the y-intercept.

Sketch the curve. 

Guess what the zeros of the function are from your sketch.

(Image) 

Please leave the graph next to (right side) of “the problem”

Instruction: If needed, click on the button below for a review about how Calculus applies to quadratic functions.
Button: Quadratic review
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Pop-up: The quadratic functions f(x) = ax2 + bx + c
Image  Insert, next to text. smaller
The slope of a quadratic function can also be found by differentiating the function: This gives the general result 
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This result is itself a function of x, which means that the value of the slope changes as x changes. 

Key features of the graph include:

(Numbered list)

Please number each of the following paragraphs 1-5
Where 
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 the slope 
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 is negative and the function is decreasing or sloping down. 

Where 
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 the slope 
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 is positive and the function is increasing or sloping up. 

The Turning Point is the point where the slope changes from negative to positive. At this point 
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The x-value of the turning point also represents the equation of the line of symmetry for the quadratic function.

The sign of the co-efficient of x2 determines whether f(x) has a minimum or a maximum.

(End numbered list)

Close window
Click here for a discussion on the solution:
Button: Discussion
Pop-up: Discussion

(Numbered list)

Please number each of the following answers 1 - 8
Number 1
f((x) = 8x + 12
Number 2
At the turning point the slope is zero, i.e. you can set the expression for the slope f’(x) to zero and solve for x:
f((x) = 0 = 8x + 12 ( x = 
[image: image13.wmf]2

3

8

12

-

=

-


Number 3

You can substitute this x-value into f(x):
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Number 4
For the y-intercept, set x = 0:
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Number 5
The slope f((x) = 8x + 12. At the y-intercept, x = 0, so:
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Number 6
The y-co-ordinate of a point symmetrical to the y-intercept will be the same as the y-intercept and the x-co-ordinate will be twice the distance between the turning point and the x-axis. So (3; 7)

Number 7

4. Click on the Quadratic graph button to see a graph of the function and its derivative. What sense do you make of these graphs? Use the graph to test your previous answers.

Applet: Quadratic graph in Unit 28.htm, makes its own button and opens as a tool!

Quadratic graph 
Close window
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2.3 The cubic function f(x) = ax3 + bx2 + cx + d
Given the function 
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, determine:
(Numbered list)

Please number the following questions 1-7
The derivative of the function.

The x- co-ordinates of the two turning points.

The y-co-ordinate of these turning points.
The y-intercept.
The slope at the y-intercept.
Sketch the curve.

From the curve estimate the values of the zeros of the function.

Instruction: If needed, click on the button below for a review about how Calculus applies to cubic functions.
Button: Cubic review

Pop-up: The cubic function f(x) = ax3 + bx2 + cx + d
(Image) 
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The slope of a cubic function can be found by differentiating the function:

f'(x) = 3ax2 + 2bx + c
The slope function is quadratic. It can have two roots and therefore there can be two points where the slope equals zero, i.e. two turning points.  The curve will change direction twice. 

Key features of the curve:
(Numbered list)

Please number the following paragraphs 1-6
The curve can have up to 3 roots, i.e. it can cross the axis up to three times.

The curve can have up to two turning points, i.e. the points where the slope is equal to zero. 

The slope of the curve between the turning points will be opposite to the slope on either side of the turning points.
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The cubic term will dominate so if the co-efficient of the cubic term is positive the slope will be mostly positive with a “negative kink“ between the turning points. (up-down-up)
(Image)

Please keep the two graphs next to number 4 and 5 
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If the co-efficient of the cubic term is negative then the slope of the curve will be mostly negative with a “positive kink” between the turning points. (down-up-down)

The sign of the co -efficient of x2 determines whether f(x) is a minimum or a maximum.

(End numbered list)
Close window
Click here for a discussion on the solution:
Button: Discussion

Pop-up: Discussion

(Numbered list)

Please number each of the following answers 1 - 7
Number 1
f((x) = 3x2 – 12

Number 2
To find the x co-ordinates of the two turning points, set f((x) = 0 and solve the quadratic equation:
f((x) = 0 = 3x2 – 12 ( x = 2 or -2.
Number 3
The y-co-ordinate of these turning points:
Substitute x into f(x): y = -16 or 16.
Number 4
The y-intercept: y = 0

Number 5
The slope at the y intercept: f’(0) = –12

Number 6
4. Click on the Cubic graph button to see a graph of the function and its derivative. What sense do you make of these graphs? Use the graph to test your previous answers and the ideas in the cubic overview.

Applet: 2.3 Cubic graph in Unit 28.htm, makes its own button and opens as a tool!

Cubic graph 
End pop-up
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3. Practical problems
The most common use of rates of change is with equations of real quantities that change with time. The equations of motion are an example, where acceleration, velocity and displacement can all be related to one another with respect to time.

IMAGE – THERE’S LOTS OF SPACE ON THE PAGE – CAN YOU MAYBE PASTE SOME AEROPLANE PIC??
Note: we are using blue headings, not activities!!!!!
3. 1 Aeroplane take-off
An aeroplane takes off on a straight runway such that its displacement from the beginning of the runway after t seconds is given by the formula 
[image: image18.wmf]23
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 (s in metres and t in seconds). The plane takes off when its velocity is 60 m/s (216 km/h)

Find:

(Numbered list)

Please number the following paragraphs 1 - 3
How much time does it need to take off?

How much runway does the plane need to take off? (Distance to take off.)

The initial acceleration at t = 0 and the acceleration at the moment of take off.
Draw and interpret the graphs of displacement (distance) against time, velocity (speed) against time, and acceleration against time.
(End numbered list)
Click on the button below for the solution:
Button: Solution
Pop-up: Solution
Use indented paragraphs everywhere for 1, 2, 3 

1. Differentiate the displacement function to get an expression for velocity:
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We know that at take-off the velocity is 60 m/s:
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The mathematics shows two solutions. Which one represents the time taken for the plane to reach its take-off velocity? Why is this? 

2. 
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3. Differentiate the expression for velocity. This is also called the second derivative of the displacement function.

[image: image24.wmf]()

()

dvt

at

dt

=

 = 
[image: image25.wmf]2

2

()

dSt

dt

 = 
[image: image26.wmf]10

4

t

-


Make ONE Eq Eedit!!

Using this expression, a(0) = 4 m/s2 and a(20) = 2 m/s2
4. Click here for interactive graphs of s(t), v(t) and a(t). Can you interpret the graph of the derivative and the second derivative?

Note: To see better, it may be necessary for you to adapt the domain and range for each graph separately. For which values are the graphs realistic?
Applet: Aeroplane graphs in Unit 28.htm, makes its own button and opens as a tool!

Aeroplane graphs

End pop-up
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3.2. Designing a can
Calculus is widely used to work out maximum or minimum quantities in real life situations.  This activity shows how this is applied to a can designed to hold a specific volume of a drink. The results of this type of analysis can lead to some surprising insights into why cans all seem to look the same size.

Cool Drinks cc is a new company offering high-energy drinks for the young market. They plan to sell their product in three different quantities:

Mini-Boost will be in a 250 ml can.

Midi-Boost will be in a 500 ml can 

Maxi-Boost will be in a 1000 ml (1 litre) can

We please simply must get the ml abbreviation right: It must be a normal m but a script l, italics does not work!-  The best example uses the MTExtra font which is included with Equation editor: m. 
The cans are cut from sheets of aluminium – the  basic design of a can is a cylinder as laid out in this diagram: 
Image: Tin.jpg IN LINE, in assets – make MUCH smaller!!
NOTE: Tin.jpg do not have wordings, so maybe you should use this:
[image: image95.jpg])




Determine the radius and the height of each can so that the company use the minimum quantity (area) of aluminium. Calculate the height and the radius in centimetres. (The formula for the volume of a cylinder is 
[image: image27.wmf]2
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Write a detailed recommendation for the company about the cheapest options.
Note: We have previously in unit 3 and in unit 5 worked on similar problems. There we used numerical and graphical methods. Now we want to use algebraic (calculus) methods.
Click on the button below for a discussion of the solution:
Button: Discussion

Pop-up: Discussion

Write down a formula for the height of each can in terms of the radius: 
(Table)

Check millilitre!!
	Drink 
	Volume
	Formula for h 

	Mini-Boost
	250 ml
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	Medi-Boost
	500 ml
	
[image: image29.wmf]2

500

r

h

p

=



	Maxi-Boost
	1000 ml
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Surface area of a Cylinder:  
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E.g. for Mini-Boost: 
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Work out the formula for the surface area of each can, including the top and bottom circles. Then substitute the value of h you worked out to give the surface area formulae in terms of the single variable r:
(Table)

	Drink 
	Surface area circles
	Surface area sides
	Total surface area

	Mini-Boost
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	Medi-Boost
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	Maxi-Boost
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If a function has a minimum or a maximum value, then it must have a turning point.

This turning point will be at the point where the derivative is equal to zero. e.g. for Mini-Boost:
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So we can solve for r.

To know if it is a minimum or a maximum value, find the second derivative of the expression. If it is negative it will be a minimum, if it is positive it will be a maximum.

The table below shows the results, where the measurements of r and h have been realistically rounded:

(Table)

	Drink 
	Volume
	Surface area (A)
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	r where 
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	Mini-Boost
	250ml
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	2,73
	10,8

	Medi-Boost
	500ml
	
[image: image52.wmf]r

r

500

2

2

+

p


	
[image: image53.wmf]2

1000

4

r

r

-

p


	3,4
	13,6

	Maxi-Boost
	1000ml
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	4,3
	17,2


Click here for interactive graphs of A(r) and A((r) for Mini-Boost. Can you interpret the graph and its derivative?

Applet: Mini-can graphs in Unit 28.htm, makes its own button and opens as a tool!

Mini-can graphs

Do drinks companies know about these results?

Measure the height of any aluminium can. Then measure the radius of the top of the can? Is there any agreement with your calculations in the activity above and the design of real cool drink cans? Can you explain it?
Close window
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4. More Calculus problems and resources
We provide below a selection of some paper based resources for you to try yourself, or try it out in your classroom. Sample solutions are also available where you see a link.

4.1 More practical application problems
Maximum volume of containers
Note: we are using blue headings, not activities!!!!!
A rectangular cardboard container has dimensions of x mm by 2x mm by (108 – 3x) mm. 

Numbered list

Find an expression for the volume of the container. 

Find the value of x that gives the maximum volume. 

Determine the maximum volume.
End numbered list

Click here to see the solution:
Button: Solution
Pop-up: Solution
Find an expression for the volume of the container. 
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Find the value of x that gives the maximum volume:
Let 
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The turning points are at x = 0 and x = 24.
Determine the maximum volume by substituting x value into expression for volume:
The maximum volume is at x =48
Maximum volume = 41 472 mm3

Click here for an interactive graph of V(x). Can you interpret the graph of the derivative?

Applet: Container  graph in Unit 28.htm, makes its own button and opens as a tool!

Containe graph

End pop-up Close window
PTO
A boy and his kite

[image: image96.jpg]


(Image) Kite.jpg in assets, smaller? Place image next to text
A boy wishes to make a kite by fixing two perpendicular bamboo sticks onto each other and then covering this frame with plastic as indicated in the sketch. He has a bamboo stick 90 cm in length. He has to divide the bamboo into two parts. 

Numbered list

If one part is x cm in length, prove that the area, A, of the kite is given by 
[image: image60.wmf]2
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How long must each part be to ensure that the kite has a maximum area? (Why is a bigger area better for flying?)
End numbered list

Click here to see the solution:
Button: Solution
Pop-up: Solution
From the formula for the area of a triangle (0.5 ( base ( height) we have:

Area = 
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For maximum area 
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So the kite must be in the shape of a square!

End pop-up

The velocity of particles

The distance, s metres, of a particle from a fixed point after t seconds (t 
[image: image63.wmf]³
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Determine:
Numbered list

A formula for the velocity of the particle after t seconds.
At what time the particle will be at rest (stationary).
End numbered list

Click here to see the solution:
Button: Solution
Pop-up: Solution
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At rest, 
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(  t = 12 seconds (t = -3 seconds is not possible)
End pop-up

The stone thrown upwards from a roof

A stone is thrown upwards from the roof of a building, 35 metres above ground level. It moves according to the formula s = 35 + 30t – 5t2, where s is the height in metres above the ground after t seconds. 

Determine 

Numbered list

Its height above the ground after 2 seconds. 

Its speed after 2 seconds. 

The time taken to reach its maximum height. 

The maximum height above the roof of the building. 

The time taken to reach the ground. 

End numbered list

Click here to see the solution:
Button: Solution
Pop-up: Solution
Height after 2 seconds:  
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Velocity is:  
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So after 2 seconds, v(2) = 10 m/s

To find the time to reach maximum height, set v = 0 and solve for t:
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So the maximum height is at t = 3:
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To find the time to reach the ground, set s = 0 and solve for t:
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( t = 7 seconds (t = -1 seconds is not possible)

Click here for an interactive graph of s. Can you interpret the graph of the derivative, i.e. velocity against time?
Applet: Stone graph in Unit 28.htm, makes its own button and opens as a tool!

Stone graph

End pop-up

The printing area on a poster
A rectangular poster ABCD is to contain 54 cm2 of printed matter PQRS (which is the smaller rectangle) with margins of 1 cm at top and bottom and 1,5 cm at each side. The length of PQ = x cm. 

Numbered list

Find QR in terms of x. 

Prove that the total area, T, of the rectangle ABCD is given by T = 60 + 2x + 162x-1.
Determine the length of AB if the total area, T, is to be a minimum. 

End numbered list

Click here to see the solution:
Button: Solution
Pop-up: Solution
Area of PQRS = 54 
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AB for minimum area (find x for minimum area and add 3):
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Set to zero and solve:
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AB for minimum area = 12 cm
Click here for an interactive graph of T(x). Can you interpret the derivative? Note: To see the derivative better, change ymax to 20.
Applet: Poster graph in Unit 28.htm, makes its own button and opens as a tool!

Poster graph

End pop-up
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4.2 Calculus and curve sketching problems
Note: we are using three blue headings, not activities!!!!!
The graph of 
[image: image78.wmf]32
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Use Mathtype to make equation blue or do it in text!

Sketch the graph of the above function and its derivative on the same set of axes. Show on your graph:

Bulleted list

The roots of the function.
The turning points of the function.
The roots of the derivative of the function.
The turning point of the derivative.

End bulleted list

Click on the button below for a discussion:
Button: Discussion
Discussion

Step 1: Always look at the big picture first:
What is the degree of the function or the highest power of x?

What is the sign of the highest power of x?

Draw the “dominating shape” of the function.

What is the y-intercept of the function? (x = 0)
Step 2 Try to find factors 

Use the factor theorem to find the roots.

Mouse over:
Factor theorem: If f(a) = 0 then (x – a) is a factor of the function and a is a zero of the function. 

End Mouse over

Write down the function in the form:

f(x) = (x – a1)(x – a2)(x – a3)
When f(x) = 0, this gives the x-intercepts of the graph: x = a1, x = a2, x = a3
Step 3: Differentiate and find the turning points
Numbered list

Differentiate the function and find the turning points by making 
[image: image79.wmf]()0
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Then factorise the differential equation to give the x co-ordinates of the two turning points.

Then substitute these x-co-ordinates back into the function to give the y co-ordinates of the two turning points.

Step 4 Sketch your graph

Complete a summary with the information you have about the graphs of the function:
Bulleted list

The overall shape of the function.
The zeros of the function.
The y-intercept (x = 0) of the function.
The co-ordinates of the turning point of the function.
End bulleted list
For 
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So the roots are at x = 1 and x = 4.
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So the turning points are at x = 1 or x – 3 with co-ordinates (1; 0) and (3; 4).
Click here for an interactive graph of f(x) for you to interpret the results:

Applet: 4.2 Cubic graph in Unit 28.htm, makes its own button and opens as a tool!

Cubic graph

Close window
Calculating unknown co-efficient from given graphs
(Image)  make image, insert next to text
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The graph represents the function 
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. M and N are turning points. Calculate the values of p and q, and find the co-ordinates of L and M. 

PTO
Equations for tangents and normals

(Image) Make image, Please keep next to text
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Calculate the slope or gradient of the graph of 
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 at the point x = 2. Then find:

Bulleted list

The equation of the tangent to the curve at x = 2.

The equation for the normal to the curve at x = 2 
End bulleted list

Click here for the solution:

Button: Solution
Solution
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So the gradient of the tangent at x = 2 is 6.

The point of tangency at x = 2 is (2, 8)

For the equation of the tangent, substitute these values into 
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The normal has gradient 
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So its equation is 
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Close window
Page 9
5. Wrap up
Work through the following problems to check whether you can do everything that the outcomes at the beginning of this unit state.

Link: Link to just Outcomes on page 1
(Paper based activity)  Activity no: A Rocket

The flight path of a rocket in the vertical direction is described by the function: 
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(numbered list)

What are the zeros of the function?

Find the equation for the slope of the function.

What is the value of the slope at t = 0?

What value of t represents the time to maximum height of the rocket? 

Calculate the maximum height reached by the rocket.

Sketch the function on a Cartesian plane.

From the graph, where does the velocity reach a maximum on the upward journey? Can you explain what is happening at this point in terms of acceleration and gravity?

From the graph, on the downward journey, at what point is the rocket’s velocity the highest?  How do you know this? 

Instruction: Click on the button below to check your answers:
Button: Answers
Pop-up: Make numbered list to coincide with above questions!

1.  t = 0 or 5

2.  
[image: image90.wmf]2
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3.  0

4.  10 ÷ 3 = 3,33 seconds 

5.   500 ÷ 54 = 9,3 m
6.   Click here for an interactive graph of H(t) for you to interpret.

Applet:
Rocket graph in Unit 28.htm, makes its own button and opens as a tool!

Rocket graph

7.  At about 1,6 seconds into the flight the curve inflects giving a maximum slope. This inflection represents the point where the net upward acceleration is zero, i.e. the acceleration due to the force pushing the rocket upwards, exactly equals the acceleration due to gravity pulling the rocket downwards.  It also represents the point of maximum velocity on the upward journey.
8.  At the point (5, 0) or as the rocket hits the ground after 5 seconds. The negative slope of the curve is maximum at this point.

End numbered list
Close window
End paper based activity

(Drop down list with print, mail and save) 

Activity no: Self assessment
Instruction: To what extent do you agree with the following?
Statement: I think I have a clearer idea how to use calculus to help to sketch graphs.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
Statement: I think I can now relate the Rate of change of function that models a real quantity to the differential equation of the function and the slope of the curve of the function.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree 
Statement: I am now better at interpretting graphs and relating them back to real events.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree 
Statement: I am now better at solving problems involving rates of change and finding a maximum or a minimum value of a quantity.
Answers:

Not really  Partly Agree  Mostly agree  Totally agree
(End Drop down list)
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