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A kej cv/neshor\ in Ehe ana\jsis of any
PT -symmetric sustem ¢

Z 1S the S?QCtﬂuY\ C_&LL (or l\o(')?

Bad news: o unlike in standacd QM Ehs i
in genemh o very nonbivial question.

(rood 0ews: o Lhe nontl"\v'\alig an eult in
inferesting mathy in costs where
oty dos 5
e the ‘)056“)'1(“;\) that some. levels may
9o Comﬂeﬁ allows Jor in,\Creshn_x) new

phenomena. ,
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o N\':'.\ W0 (Mth) soWed. ’ E :'Lm-i-\) m:O)\,‘l...)

« MY ‘Sgahmistgg&, even though the
peblem (s not Hemitian
« ML Spertrumis “infinitely complec”  storting




2) "Spiming“ Bendker- Boettcher problem = Coepzer 1a0a)
_ dt NN ) N
FRER L

cM=| Sroarm (evattly-sovel, E = 4n+li(21*l7,ﬂ=°)‘;7---)

cM< | Spectrum inbin'\tda complex..,
storting Yrom Ehe. top.
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(n8: interesting dibjerene bebween. L=0 and. L=-0.026")



’L)) ‘f\‘magenews ‘;()im'mﬁ Bender Boetteher th(m:

[ Pe0,cD,&T 2001)

E— 3\;;_ -ty — ottt 4 L%_l)] Y= E

¢ For M\ )H\Lspechumispg_ﬁtbbz reak
Yor o < M\ 4 fal) 7(
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'n\m are oW t_vgg wass Yor mswmboy
Comfler:
(D 1y M dips belows 1, Spectrem becomes infinslelyy comlex.,
Stortivg from the top, a4 e)ore.
() For MYy (Lyet) con ventureinto Bhe Jorbidden zone

oy Mela U,

Then the gpectum. Yecomes (con become) Jinite) complex
Sovrting )ronpe(l\eﬂr) the ettom . -



The M=} cose is parﬁculaxb nice —

+ Set™ p= I3 (1) ; then the. problem i

d- . 6, 2 g
T A L xox 1 022 | = E
[I’_L by n.ac"")\l} \y
« NBL: why isn't the spectrum bxivially cenl ?

Answer:  the D.e.s must continue. thee o S0, € e

*NBL: why the variable. changp L»p?
Prgvec: o hidden. relation with  $0(3)

« N83: 3 an altenative waw) to make o non-Hemwitian. poblem.:
Lewe 2 vt Yuk impoe ‘radial’ bec.s

\P-"O (x> o2)
bt (x90)  and combinug to neptie. |
(imeplor b¢.)

* For M=2, Ehis o5 reloked 5 the DT problem L«
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Other sPedal. ’yea’cures at M=%

[-ﬁ‘ 490 x4 9-3]\(glx)= Eyt) &)

12 x*
(P: \E(ZL-H))

Se{‘: %:(?) and. de)ina
" p " xAD00) =
'R((;Q: Spec%(el-),wd'h rdial’ be.s i‘h O)N(;LH\S)

l__(o() S‘m{—(m with ‘lateal” (PTIY.cs el (C))

: (A
P) >i"<”
LT '(;:)—:(:;;‘3‘; (7 ﬁ

P R(=)= RTg) Y= L1 OL(a)=R(1Ta)

N6 () iy brivial , buk the others aren't |



What abek the i nainitelj compla“
taansition. ot M= 1 7

Retvrn v Ene \\omoofneous potential:
- d:" N | o L([41) -
{ N (ix) =+ = ]\‘) Ek]/

Ain: () predict he brumition, 1o 00 many
CO“\(*N {'\O}lwdﬂ@f xcr ML, and.
n (mtim\nr:
(i) coptuwre the way thak Ehe connectivity_
oy leves depends on L.

Remarks

e PT ngmh'j q\rmd:.) implifs thot evalues
are either el or comples-anyuate pairs;

« Truncakion. t© L¥L Yotks in SHO basis CBender-Boettcher)
gjves insiaht into () bt dpils Yo (31).



e What about WHEB 7  gien foctither?

-For MY | the method (el fp all ol
wors wel | % ¥“
R

\Qt\n‘nhﬂ poinls’ which

Continve those on the. veal
0¥y at M=>|

L@d{:\g wkb:

E o (\F\" F(%.*%M) ( L\)—%‘
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—But for M<| Ehe method. fils as does the
amlgﬁr, contmuahion_ Oh the N, | zprmu\a:
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\dea: Use the opE/IM corresponclence. to
exbruct o more oenerl result,

Hew inaredient :
e Certuin. very powerul qunctional e%ua,tions
L “Ta rdations’ & 'c"umhm Wendcians a?""j beh
5 @ certrin dhjects in integrulle quombum Yield Eheories
** ® sfertnl. delermioants o cartin. oninany
ditecentiol eqations

o this dlws @ omo\@ to be identidied.

%
M ODE

and. ety us Yonow idems yom. inteyrable modés
B shdy the ODE;.

ess @ long storgl



pectral Deferyinants

%; ~ G +W*0]d( E¢ &

O Let (E} be the ¢iaenalies o
the ldeal (1) probem Jor &) | X 1
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T 5 a QWL determinant &0\“ the ?m\)[em.

(zews of T are. Ehe (negabed) eiqenvalues,
¢t det(M+AL) Jor o Yinite mobrix ™)



@ Now <hitt x>x/; and reploce C by

a tudial contour: |
e
-t

T |
(—%1. . Im-k (;(;L.:__,D) \l} = E\I’

Ekp(x)-ao o I""O%

Ylo) ~ ™
P\
0 7%

Write the eigenvalues of this problem 04 §e;3

and. set Q(E):ﬁ(fl- %)

(ancther spect. def.)

Notes :

Lo aa o o'l

e The products duil to convere v M &\ Bt a ainidenc!
(& reality is lost for T Jor MQY)

o Pablems @ and@ are cdated By {x>743
and §\oten\ . => vudial b.e

Bt heres o ach deeper connection ..,



Functional Relations

TIEY : latent O7) prblem. =12
QLE) ¢ rudial (Vermition) froblem ,3

( ons‘\derinj Solutions in various Stokes sectors shows

T(E)QE)=u™QWE) + "™ QW E)

/()
w=0e

« This is Povters TO celotion Yrom teguble. models .

« € hdds o all values oF M,

< For M1 when Ehe simple 00 prducts converng,
& leads 10 o reolity proay .

For N< |t con be wegd 40 understand. unml'd"j
'\V\S\fﬂo\-..



e(_gtjg_\p_{:gﬁcs G\om OVE/\M  Csketrn)

T relation:
TE)QIE) = W *QWE) + W*QWE)

e VeYine |
Q(E) - w)l&\ Q(W'LE_)_
QG*E)
By TQ
’ alB)=-1
I\
cibher Q}T{E)’O) E=-E; (PT)
QUE)=0,E=¢; (Memiln)

+Set §E)= looy alE)
T\\m the et @ points af which  £(6)= Qmi
s predely (-g:lufed .

oy F s oa "Counﬁwb Junchion® Jor the 5 bl
problems,, g



Furtherwore, §(2) satighes o
Nonlines- integml emation  jrom.

which amatotics con Yo eytmeted andl
makthed. wikh conservation Lows in ntequble
models

mﬁs : r Hermitian evaly

eFor EY0 (i qct,in o Sector Cdnhlin.'nﬂ Ehe e
vl E axis) F(E) is adouble Seriey
B ek B (g pompt B

il evols
+ Tor EXO, K(E) s sinfe series, which

§ dflrmt e ) gd M<),
Fr M7 ym ogt the WKB govies,

bk o N WSS terms Nonish € are rtp\aw\
by a Torn-ke sriey




Leaolwb a‘)v‘oﬁ o E<O:

& MV HE) ~ 2 (E)F M) (™7

r‘(%‘}_—b\)
(reproducey WYB)
=\ . - 3 .
@ M p 8(2)_ m([,*__?\:)_\_ L%T[_E-)
(SHo)
© M1 s 8B ~ 2mi(1a)
(wseless )

NB: the interpdution @00
5 Subtle, € imohies o o perturuie
term in o crucia\ WOy,
Pudding ekt Born-\ke Yerms & @ Nl
Cogues one  eioprvule 5 buk there i o nor parturbuing
term ovisng om the \nkeyml egpation which
resme the <fon), B ron-pertorintive vioges

—p

“oopther; ol Juturs d- 4 W\gbn;oEm ecovered | g
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