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Strongly correlated problems

Many body wave functions

Why variational methods

Why Monte Carlo: many degrees of freedom

Examples of strongly correlated systems


mailto:trivedi@mps.ohio-state.edu

What is a strongly correlated problem?
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For PE<<KE

Start with single particle wave functions that diagonalize the KE operator

Treat the effects of PE as a perturbation on the single particle states

If electron-electron interactions can be treated as an effective one body term

ueff [n] ==) band structure or electronic structure Density functional theory
Hohenberg and Kohn

For PE>>KE Phys. Rev. 136B, 864 (1964)

Start with the classical ground state; highly degenerate;

Perturb with KE

What happens when PE~KE?



HUBBARD MODEL
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U >>t generates AFM exchange
J=4t" /U

Energy Scales: J < t < U

x= Hole doping =fraction of vacancies



Examples: Lattice models

Quantum magnetism: Heisenberg antiferromagnet

Strongly interacting bosons:

atoms in traps; optical lattices: +U Bose Hubbard model
Feshbach resonance: BCS-BEC crossover: -U Fermion Hubbard Model
High temperature superconductivity: +U Fermion Hubbard model

Quantum Hall Effect:

Disorder driven Quantum Phase transitions

Superfluid—Bose Glass transition: +U Bose Hubbard model +
(Josephson Junction arrays; helium in aerogels) disorder
Superconductor-Insulator Transition: -U Fermion Hubbard model
(ultra thin films; high Tc SCs) + disorder
Metal-Insulator transition: +U Fermion model +

(disordered Mott insulators; 2D electron gases) disorder



2 dimensions
Cu-O plane

High tc problem

3 band model

1 band model




What theoretical tools do we have to study
strongly correlated systems

Feynman diagrams
Series expansion
Functional integrals

Scaling + RG
Need non-perturbative methods

Exact Diagonalization No small parameter
Variational Methods

Quantum Monte Carlo

Dynamical Mean Field Theory

|d special techniques



Bose Hubbard Model

H = —t Z a, a,+—Zn.(n.-1)
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Nboson = Nsites

U
Competition between 8—@ w

tunneling Interaction

t
» delocalization e Localization
e Number Fluctuations e Fixed Number
* Fixed phase « Phase Fluctuations

SUPERFLUID MOTT INSULATOR
QUANTUM PHASE TRANSITION T=0



Bose Einstein Condensation
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"o
*
*
*
.
.
n .
[ ] .
.

b87
p / n_50

Even ) boson

105 atoms h

with interactions

/\_/
Magnetic trap v=24Hz

/Q@B
o\ /3
r\

0.02
JKsT (V)

27h° _
mkgT

ﬂ’dB — A®

Ref:

#atoms
P~ 53

~10" /cm?

r, ~1000A°
3 AO
Ag ~ 1 ~10°A
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for kT, ~1uK

Laser cooling; evaporative cooling
All apparatus at room temp!!

BEC Pethick and Smith (Cambridge)



ABSORPTION IMAGING (BEC in r-space)

Thermal cloud

_ _ Vlacroscopic occupation ¢
Anisotropic condensate single quantum state
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FIG. 1. Total number & (mset) and ground-state fraction
N,/N as a function of scaled temperature T/T,. The scale
temperature T,(N) is the predicted crifical temperature, in
the thermodynamme (mfimte &) lmut, for an 1deal zas m a
harmonic potential. The solid (dotted) line shows the mfmite
(fmte) N theory curves. At the transition, the cloud consists
of 40000 atomes at 2B0nK.  The dashed line 15 a least-
squares fit to the form N, /N =1 — (T/T.P which gives
. =0.94(5)T,. Each point represents the average of three
separate Images.




OPTICAL LATTICE

V(x) =V, sin’(2zx/A)
/ o
0 Laser wavelength

Laser intensity 852nm
A Eer = N°/2MA5

laser

B2

t~ _[ngo(x—xi){ 5

#atoms ~ 2x10°
#lattice sites~ 15x10°
~1-2 atoms /site

VitV (X)}gp(x —X;)

4
U ~ gJ.dx\go(x— X;)|
U/EL

t/EL

Vo/EL (squéezing)



Rb atoms at 10nK
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tune periodic potential depth Vo/EL
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M. Greiner, O. Mandel, T. Esslinger, T.W. Hansch, |. Bloch, Nature 415, 39 (2002)



Bose Hubbard Model

Diverging length scales

S E ~ 07"
) 10 _ _ _
e A Diverging time scales
e 7 —7v
L ~ ~
= G, =6 ~oO
é’_ Vo | EMergy Q) ~ O
» superfluid 0 Z
.~ 0"l dynamics and statics

& TG'T'TE linked by H

Uc -
Gapless excitations: phonons F'n'te gap
compressible incompressible
Universality class: (d+1) XY model Krauth and N. Trivedi, Euro Phys. Lett. 14, 627
2d: v=2/3; z=1 (1991) QMC 2d

Fisher et al PRB 40, 546 (1989)



HEISENBERG ANTIFERROMAGNET S=1/2

H=J3>'S,-S, Z(S S;+S; +)+J%sizs;




For J<O Ground State: I I I I I I FERROMAGNET
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CLASSICAL GROUND STATE: NEEL ANTIFERROMAGNET
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QUANTUM FLUCTUATIONS @ t 1 1 1

INTRODUCED BY SPIN FLIPS O T

S,'S; [V, T,) =[T.4,)

At finite T thermal fluctuations destroy long range order in d<?2

What happens at T=0: do quantum fluctuations destroy long range order?

I . e A
A sublattice E. = {
' icB

l B sublattice

m" ={(&S/)



1D: Exact results: Bethe and Hulthen, 1930

Heisenberg QAFM Neel State
Eo/N -0.42J -0.25
m"* 0 0.5

Quantum fluctuations completely
destroy long range order in 1D

2D: No exact results for Quantum Heisenberg model

XY model: J,=0;J,, #0 m*=0

XXZ model: ny [J,>1.78 m™#0 Kennedy, Lieb, Shastry
PRL, 61, 2582 (1988):
Kubo and Kishi,

PRL 61, 2585 (1988)

What happens when  J,, =J, ?



EXACT TRANSFORMATION S=1/2 to hard core bosons

H=J)» S-S, ZS S.+S; s++JZS S
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Matsubara and Matsuda
Prog. Theor. Phys. 16, 569 (1956)



i commute on different sites—same as boson operators

+ : :
S- anticommute on same site

57 Fl0) -0 Flo) -
=n =01 (HARD CORE BOSONS)

Sublattice rotation on B sublattice Si+ —> &; ai+

H_——Z(a a;+a;a)+J Y nn +Eg

<i,j> <i,j>

+ hard core constraint orf a given site through commutationjrelations

KE of bosons Repulsion between bosons
on nearest neighbor sites

EN =—-JNz/8 Classical Neel state energy; z=#neighbors



EXACT DIAGONALIZATION: example: Nsites=4; Nboson=2; Periodic Boundary C
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Limitations of Exact Diagonalization

Suppose we want to study a 4x4 system

Nsites=16 Nboson=8
16!

Number of states g = ~=12870
(8!)

Number of elements in H= 12870% =165636900

Amount of storage 8 bytes per element=1.33x10° bytes =1GBram



VARIATIONAL APPROACH

CHOICE OF TRIAL WAVE FUNATION Analogy with He4
() McMillan PR 138 A 442 (1965)
i
"PT (rl, PRI ) =e x1 Non-interacting bosons

Perfect condensation in k-space
Uniform in r-space

g’ = H f (ru) Long range tail

Dictated by collective
modes ~ (1—a /)

/ r
Hard core constraint Short range suppression

Due to interparticle
repulsion

Jastrow correlation factor

»
»

Ground state many body wave function is REAL and NODELESS
Statement of Marshall sign for spin systems



Variational calculation: Example Nsites=4 Nboson=2
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