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CccC

Why Coupled-Cluster theory?

@ Fully microscopic. Only linked diagrams enter, size extensive

@ Can be improved upon systematically, e.g., by inclusion of
three-body interactions and more complicated correlations. To
be contrasted to many-body perturbation theory.

@ Allows for description of both closed-shell systems and valence
systems

@ Derivation of effective two and three-body interactions for the
shell model

@ Amenable to parallel computing

@ Huge development in Quantum Chemistry. Exploit this for the
nuclear many-body problem.
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CccC

More on Coupled Cluster

More advantages

o Can be used to generate excited spectra for nuclei like 100 or
40Ca with many shells. Hard for the shell model to go beyond
one major shell. Huge dimensionalities in shell-model calcs

System 4 shells 7 shells
“He 4E4 9E6
8B 4E8 5E13
e 6E11 4E19
160 3E14  9E24

Shell-model codes can today reach dimensionalities of
d ~ 1019 basis states.
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More on Coupled Cluster

More advantages

o Can be used to generate excited spectra for nuclei like 100 or
40Ca with many shells. Hard for the shell model to go beyond
one major shell. Huge dimensionalities in shell-model calcs

System 4 shells 7 shells
“He 4E4 9E6
8B 4E8 5E13
e 6E11 4E19
160 3E14  9E24

Shell-model codes can today reach dimensionalities of
d ~ 1019 basis states.

@ Can include complex effective interactions
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Ab-initio approaches to light and medium mass nuclei

Ab-initio methods in nuclear structure

Green'’s function
Monte Carlo

No-core shell model

Coupled-cluster theory now
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Coupled Cluster Theory

Exponential Ansatz for W Coupled Cluster Equations
Wy =eljog), T=Ti+Tot...+Ta AE = (| (Hnexp(T))c |Po)
N I It
l<j a<b H = (HNeXp(T))C

@ Coupled Cluster Theory is fully microscopic .

@ Coupled Cluster is size extensive. No unlinked diagrams enters, and error
scales linearly with number of particles.

© Low computational cost (CCSD scales as n2n;).
@ Capable of systematic improvements.

@ Amenable to parallel computing.
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CccC

Coupled Cluster, Basics

The single-reference coupled-cluster theory is based on the exponential ansatz for the
ground-state wave function of the A-body system,

(A)
W) = eT0), )

where T(4) is the cluster operator (a p-h excitation operator) and |®) is the
corresponding reference determinant (defining the Fermi vacuum) obtained by
performing some mean-field calculation or by simply filling A lowest-energy
single-particle states Superscripts, such as (A), indicate the number of particles in a
system under consideration, at the relevant operators and energies.

Formally, this equation is a direct consequence of the connected-cluster theorem, first
clearly stated by Hubbard, which is, in turn, related to the linked cluster theorem of
many-body perturbation theory. According to the connected-cluster theorem, the
cluster operator T(A) generates connected wave function diagrams summed through
infinite order. Operationally, T is a simple many-body excitation operator, which in
all standard coupled-cluster approximations is truncated at a given (usually low) p-h

excitation level M < A.
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CccC

Coupled Cluster, Basics

The general form of the truncated cluster operator, defining a standard single-reference
coupled-cluster approximation characterized by the excitation level M, is

M
TAOM) =>"T,, )
n=1
where
1\2 . .
Tn= (ﬁ) ty 3, a% - -a%a, a3y ®3)

are the many-body components of T(A)(M), and t;ll‘jj"‘gn are the corresponding cluster

amplitudes.
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CccC

Coupled Cluster, Basics

Jin

The cluster amplitudes tgll'_]_an are determined by solving a coupled system of nonlinear
and energy-independent algebraic equations of the form:

(O Ay (M)[®) =0, i1 <+ <n, a1 < oo < an, ©
where n =1,..., M. Here,
An(M) = e~ "M Hyy eTOM) = (1y TV M) (5)

is the similarity-transformed Hamiltonian of the coupled-cluster theory truncated at
Mp-Mh excitations, subscript C designates the connected part of the corresponding
operator expression, and |¢;’11"_"'I.:“> =a%...a%a; ---a;|P) are the np-nh or n-tuply

excited determinants relative to |®).
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CccC

Coupled Cluster, Basics

The basic CCSD (coupled-cluster singles and doubles) method corresponds to M = 2
and the cluster operator T is approximated by

T (CCSD) = TA(2) = Ty + Ty, (6)
where ;
T, = t;aaa,- (7)
and -
T, = % tgbaaabaja,- (8)

are 1p-1h or singly excited and 2p-2h or doubly excited cluster components, t} and tg'b
are the corresponding singly and doubly excited cluster amplitudes, and i,, ...
(a, b, ...) are the single-particle states occupied (unoccupied) in the reference

determinant |®).
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CccC

Coupled Cluster, Basics

The standard CCSD equations for the singly and doubly excited cluster amplitudes t;
and t;jb' defining T1 and Tp, respectively, can be written as

(®7|Hn(CCSD)|®) =0, 9

(0%°|An(CCSD)|®) =0, i<j, a<b, (10)

where

An(CCSD) An(2) = e—T(A)(CCSD)HN eTW(cCsD)

(Hy 7 (CCsD)) (11)

is the similarity-transformed Hamiltonian of the CCSD approach.
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CccC

Coupled Cluster, Basics

The system of coupled-cluster equations, is obtained in the following way.
We first insert the coupled-cluster wave function |\U8A)> into the A-body Schrédinger
equation,
A A) (41 (A
Hulw() = AESY V), (12)

where ) )
AE = EfY — (®|H|®)
is the corresponding energy relative to the reference energy (®|H|®), and premultiply
. _7(A)
both sides on the left by e
Schrédinger equation

to obtain the connected-cluster form of the

Hn|®) = AEY o), (13)

where (A) (A) (A)
F/N —e T Hp el = (HN el )C (14)

is the similarity-transformed Hamiltonian.
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CccC

Coupled Cluster, Basics

Next, we project Eq. (13), in which T(A) is replaced by its approximate form
TA (M), Eq. (2), onto the excited determinants |®71 "), corresponding to the p-h

excitations included in T(A)(M). The excited determinants |d>‘,.311"""ii") are orthogonal to

the reference determinant |®), so that we end up with nonlinear and
energy-independent algebraic equations of the form of Eq. (4).
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CccC

Coupled Cluster, Basics

Once the system of equations, Eq. (4), is solved for T(A)(M) or téll'gn (or Egs. (9)
and (10) are solved for Ty and T3 or ti and tJ,), the ground-state coupled-cluster
energy is calculated using the equation

ENM) = (oH®) + AEN (M)
= (®[H|®) + (B|Hn(M)|®)
<¢‘H|¢> ap <¢|FIN,CIDSE(M)|¢>7 (15)

where F/N,close(M) is the closed part of Hy(M) which is represented by those
)

diagrams contributing to I:I,(VM that have no external (uncontracted) Fermion lines.
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CccC

Coupled Cluster, Basics

It can easily be shown that if H contains only up to two-body interactions and
2< M < A, we can write

EV (M) = (|H|®) + (D|[Hn(Ty + T2 + 1 T)]c[®). (16)

In other words, we only need T; and T clusters to calculate the ground-state energy
EéA)(M) of the A-body (A > 2) system even if we solve for other cluster components
Th with n > 2. As long as the Hamiltonian contains up to two-body interactions, the
above energy expression is correct even in the exact case, when the cluster operator T

is not truncated.
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CccC

Coupled Cluster, Equations

To see this we compute the expectation of the energy from
E = (Wo | exp(~T) Hexp(T) | Vo) .

In addition, if we stop at the Singles and Doubles level we have the equations for the
amplitudes are found by left projection of excited Slater determinants so that

0= (V7 |exp(=T)H(T) | Vo),
0= (W3 |exp(~T)H(T)| Wo).
The Baker-Campbell-Hausdorf relation
exp(—=T)H(T)=H+[H, T1] + [H, T2]
1 1
+3 [[H, T1], T1] + 5 [[H, T2], T2]
+[[H, Ta], T2] +--- .

can be used to terminate exactly at quadruply nested commutators when the

Hamiltonian contains at most two-body terms.
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CccC

Coupled Cluster, Basics

The nonlinear character of the system of coupled-cluster equations of the form of Eq.
(4) does not mean that the resulting equations contain very high powers of T(*)(M).
For example, if the Hamiltonian H does not contain higher—than—pairwise interactions,

the CCSD equations for the T3 and T, clusters, or for the amplitudes t;f, and t;jb that
represent these clusters, become

(Q[HN(A+ Ti+ To+ 3 T2+ Ti T2 + L TH)Iclo) = 0, (17)

(O] [HA+ Ti+ T+ 3T+ i T + LT3
+IT+ AT T+ L THiclo) =o0. (18)
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CccC

Coupled Cluster, Basics

The explicitly connected form of the coupled-cluster equations, such as Egs. (4) or
(17) and (18), guarantees that the process of solving these equations leads to
connected terms in cluster components T, and connected terms in the energy
EéA)(M), independent of the truncation scheme M used to define T(A)(M). The
absence of disconnected terms in T(A)(M) and EéA)(M) is essential to obtain the

rigorously size-extensive results.
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CccC

Coupled Cluster with Triple Correlations

Correlated many-body wave function is given by
| V) =exp(T) | @) ,

with the reference Slater determinant as | ®o) and the correlation operator as
T=T1+To+T3+---+ Ty

T, = Z tfaj aj;

i<ef,a>ef

for single excitations (S, 1p-1h)
1 ab _+ +
TZ_Z._ Z ti’ag a, aja;
i,j<efab>ef
for double excitations (D, 2p-2h) and
1
b
T; = Z gkca:aZajakaja,-

i,jk<ef;abc>ef

for triple excitations (T, 3p-3h)
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CccC

Coupled Cluster equations

Define:
= Z qu{a;aq}
Pq

with f,q the Fock matrix elements
1
W =3 > pallrs){a; af ara}
pars

where (pq||rs) are anti-symmetrized two-body matrix elements. Normal-order creation

and annihilation operators.
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CccC

Coupled Cluster, CCSDT level

The extention to triples gives the following equations for the amplitudes with 1p-1h
(D2[FT1+F(Ta+1/2T2)+WT1+W(Ta+1/2T2)+W(T1 Ta+1/6 T3 + T3)]c|®) = 0,
and with 2p-2h

(OP|fTL+ F(Ts+ ToTa) + W+ WT1 + W(To + 1/2T7) + W(T1 T2o + 1/6TF + T3)

+W(TiTs+1/2T2 +1/2To T2 +1/24TH)]c|®) = 0.
and with 3p-3h

(O[T + F(TsTa+1/2T3) + WTa+ W(T3+ Ty To) + W(1/2To+ T3 T11/2T7 + Th)

+W(TaT3+1/2T2T1 +1/2T3 T2 +1/6To T3)] c|®) = 0.
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Coupled Cluster

When the equations have been solved we have defined the amplitudes ¢

T, = Z t?ata;

i<ef,a>ef

T, = " E t,—jba:alfaja,-
i,j<efab>er

1
T3 = S Z t;fca:a;ajakaja,-
ijk<ef;abc>ef
and can then extract effective interactions. Different approximations to the
solution of the triples equations yield different CCSDT approximations.
CCSD scales as n2n? while full CCSDT scales as n2n>, with n, the

number of occupied orbits and n, the number of unoccupied.
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CCSD acronyms

@ CCSD(T) : CCSD energy is augmented by a perturbative
treatment of triple excitation effects, normally reliable.

@ CCSDT-1: skip WT;y T3 in 2p-2h part and keep only fT3 and
WT; in 3p-3h

© CCSDT-2: full 2p-2h and 3p-3h as in CCSDT-1
Q CCSDT-3 : All terms in 3p-3h except the fT3 term.
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Coupled Cluster in Pictures

€4 €4
€3 €3 f /(
€2 €2
€1 €1 \
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Coupled Cluster in Pictures

€4 €4
€3 [ €3 f [
€F dg €F 0N

€ \ € \
SN = N

From T3

— a t,.
T = Zi<ff,3>€f tiag ai
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Coupled Cluster in Pictures

€4 €4
o r i LT
€F dg €F 0N

e [ \
a % a N

From T; to T12

— a t,.
T = Zi<ff,3>€f tiag ai
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CccC

Coupled Cluster in Pictures

€4 €4
o r i LT
€F dg €F 0N

e [ \
a % a N

From T; to T12 From T,

_ a+ . _ ab+ ..
T = Zi<sf,a>af tiag a T2 = Zi,j<€f;ab>5f tii"as ap ajai
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Coupled Cluster in Pictures

‘f“ 7 o rr

S| I R A A I B N

€ \ € \ \ \‘.
SN = N

From T; to T2 From T> to T2

= ta — ab +
Tl - ZI<¢( a>er tl 9, T2 o Zi,j<€f;ab>6f t CE ab aJa’
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More Coupled Cluster in Pictures

2p — 2h CCSD and Shell-Model Truncations
1ﬁ_ 1h ™\ @ Truncated shell model with 2p — 2h
E: ¥ ] r' f’ r' has ‘U2p72h = (1 + 11+ T2)¢0
/( ( { ( @ Energy contains then
€F
€2 \ Expop =
RN P
€1
(Do(1+ T+ T H|(1+ T1+ T2)®o)
T12 T @ But CCSD has also Tl2 T>. Not in
truncated shell model. Crucial.
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Triples and °0O

4 Major Shells, 0s0p1s0d1p0f

The ground-state energy of 160 calculated using various coupled
cluster methods and oscillator basis states. CISD is shell-model
with 2p — 2h, CISDT is shell-model with 3p — 3h and CISDTQ is
shell-model with 4p — 4h truncations. Cannot go longer for shell
model. Total shell-model dimension d ~ 10'*. Idaho-A interaction.

Method Energy
CCSD -139.310
CR-CCSD(T) -139.621
CISD -131.887
CISDT -135.489
CISDTQ -138.387

CENS: A Computational Environment for Nuclear Structure
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CccC

Size Matters! Role of size-extensivity

Goldstone’s linked cluster theorem (1955)

Formal diagrammatic proof of Brueckner's conjecture that perturbation theory is size
extensive. Only linked diagrams contribute to the energy of a (closed shell) nucleus.
Unlinked diagrams do not scale with mass number A and the sum of all unlinked
diagrams is zero.

oe

/
/vn
3 “’"’/ . . .
@ Size extensive theories: Many-body
ol / /,,/ ] perturbation theory, Full

///_/, ) e Configuration Interaction (FCI) and
“"‘. - = Coupled-cluster theory

@ Non-size extensive theories:
Particle-hole truncated shell-model
(CISD, CISDT...)
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Comparison with Shell Model/Configuration Interaction

In Shell Model approach a linear excitation operator is used instead of an
exponential. W = (14 By + B, +...)%

@ Any particle-hole truncation introduces unlinked diagrams, and it is
therefore not size extensive.

@ Dimension increases dramatically with number of active particles.

-130 T T T
10 4-shells comparison
CISD
1321 B
134 b
Z §
% CISDT
Bk = ]
/ CISDTQ
Nuclear Example (Kowalski et al PRL 2004). -1381- ccsp ]
CR-CCSD(T)
b—— !
1407 ) 4 5

3
Excitation level
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Relationship between shell model and CC amplitudes

CCSDh
CCSDT

Disconnected quadruples

Connected quadruples
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Disagreement between CCM and IT-NCSM for *°Ca

Coupled-Cluster IT-NCSM
0 [ -142.8 (CCSD)
-148.2 (CCSD(T)) | -137.8 (4p-4h)
Ca | -491.2 (CCSD) -461.8 (3p-3h)
-502.9 (CCSD(T)) | -471.0 (4p-4h)

- Coupled-Cluster theory size extensive, energy scales correctly with size
- IT-NCSM is not size extensive. Can not judge the quality of a calculation of
large system from the quality of a small (light) system.

Refs.:

1. Roth and Navratil PRL 99, 092501 (2007)

2. Hagen, Dean, Hjorth-Jensen, Papenbrock, Schwenk PRC 76, 044305 (2007)
3. Dean, Hagen, Hjorth-Jensen, Papenbrock, Schwenk PRL. 101, 119201
(2008) (comment)

4. Roth and Navratil, arxiv:0801.1484 (reply)
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CC Open quantum systems Effective Interactions for Weakly!

Spherical Coupled-Cluster Approach

@ Possible for nuclei with closed sub-shell (or cs £1)

@ Relatively simple since similarity transformed Hamiltonian is two-body (CCSD)
or three-body (CCSDT) at most

© Enourmous computational reduction: n, 4 n, — (no + n,)?/3 (naive estimate)
CCSD(T) for “°Ca and #8Ca on a single CPU (now)
CCSDT for “8Ca on many CPUs (future)
CCSD(T) for 199Sn and 32Sn with “bare” chiral interactions on many CPUs.

ZH( ><ajl ,

Jivia

o= >0 e x o) (3 x3)Y.

Jivdjrjarb>d

ji and j; denote the spin of the occupied and unoccupied subshells.

CENS: A Computational Environment for Nuclear Structure Lecture Set IV+V: Many-body methods



Medium-Mass Nuclei
from Chiral
Nucleon-Nucleon

Interactions,

G. Hagen et. al, Phys.
E Rev. Lett. 101, 092502
(2008)

T - T T T
\ CCSD resultsfor *Owith N°LO CCSD resutsfor “Cawith N°LO
~106f k|
3
2
w
-107F B
0 25 30 35 40 25 30 35 A
o [Mev] o Mev]
a_ CCSD resultsfor “Cawith N'LO
-330F -260F
3 3
g -340F 2 onf E
w w
-350F 280F
2‘5 3‘0 3‘5 £ A
+w[Mev]
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160, %0Ca, 8Ca and “®Ni ground state densities

p() [m]

g

00001}

p() [fm]




CccC

Charge and matter radii/Summary of results

@ Charge radii for
various nuclei using aal-
the chiral N3LO
nucleon-nucleon
potential.

sqrt<r>,, [fm]

@ ~ 1MeV/A missing
for all nuclei: Size
Extensivity!

hw [MeV]

Nucleus | E/A | V/A Q| AE/A | <52 | <2512 (Exp)
*He -5.99 | -22.75 | 0.90 1.08 1.673(1)
160 -6.72 | -30.69 | 1.08 1.25 2.72(5) 2.737(8)
0Ca -7.72 | -36.40 | 1.18 0.84 3.25(9) 3.4764
*Ca -7.40 | -37.97 | 1.21 127 | 3.24(9) 3.4738
BN -6.02 | -36.04 | 1.20 1.21 | 3.52(15) ?
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Triples correction to ground

state energies

-3251 | -3651— N

0l 1 3701~ g

S ] < 375~ g

\% 3 -380— 4

%rm— g %raes— B

O agsl i £ -390 *

uP % “ 395 1

350 B w0l 1

5 7 -405{- N

300, ' 410 4

. . CCSD ACCSD(T)

@ ~ 500keV/A missing for all nuclei Nudieus E/A | AEJA E/A | AE/A
@ Chiral interactions leaves almost 160 -6.72 1.25 | -7.53 0.44
no room for three-body forces in 0Ca =002 0.84 | -8.62 -0.08
medium size nuclei. *BCa -7.40 1.27 | -8.22 0.45

CENS: A Computational Environment for Nuclear Structure
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220, 240, and 220 with chiral interactions

LCCsIJ(T) (MeV) )

H
13
T
I

L.CCSD.(T) (MeV)
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Is 280 stable ?

@@ CCSD(T)

Experiment
®-eLccso(m

@ ACCSD(T) results for 260
indicates that it is stable towards

4n emission by ~ 2MeV

@ Results not converged with

respect to model space (N=14)

@ What is the binding energy of

% 24 26 28 El
CCSD ACCSD(T)
Nucleus | E/A | AE/A | E/A | AE/A
50 -6.72 1.25 | -7.53 0.44
220 -5.72 1.64 | -6.59 0.77
220 -5.58 1.42 | -6.42 0.58
0 -4.86 ? | -5.57 ?

260 ? Is this correct?

CENS: A Computational Environment for Nuclear Structure
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Open quantum systems

Ab-initio approach weakly bound and unbound nuclear
states

Half 1ife ——— T - a5l ue | Tanihata ot l
W stable 2281|2351 |2451 | 2951 | 2651|2781 51 B / Phys. Rev. Lett. 55, 2676 (1985)
[J very short =) &
3100, 000 3z 211|221 [200] [2001 |50 [S8h1 g RPN e
O > 1w e |2 g
D ) 100 days g [ =g (<Hg | =g | =g g 1g | Fl
2.5 7LitLi
] ) 10 davs 1z | 12ia | 15hia [2o00a 2210 (220 24412 25002 |22l | 27la | =a § 25 g 4
| BREY Z | SLi
Wt m 50 16l | 1T |4l | 1o 22t R =N 24t e | | L
W 6 10
wof | o7 | 1of (Rl sep [REl oF | =F | =F | = | =7 | =F |=F Mass number
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Open quantum systems

Coupled Cluster for open quantum systems

Open Quantum System. Closed Quantum System.
Coupling with continuum taken No coupling with external
into account. continuum.

Q. e
]
i
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Open quantum systems

Berggren Single-particle basis

Complex energies requires a generalized completeness relation

(e, OF = [0() Pexp(~ 1), E = E—iT/2

1= 3 )@tk + [ dk ki) @)
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Open quantum systems

CCSD results for Helium chain using Vigw_«

@ Viow_k from N3LO with
A=19fm™"
0 T T T T T T T T
@ G. Hagen et al., Phys.
Lett. B 656, 169 (2007).
10k soor 3 arXiv:nucl-th /0610072.
= g o2
g g oS 7 B 9 10
&8 sl Mehchee oo i @ First ab-initio calculation
"'éa of decay widths !
% 3-body force @ CC unique method for
o 7 dripline nuclei.
T @ ~ 1000 active orbitals
e—e Experiment
. | S T T N S (T (T . . B
B T e e e e e T @ Underbinding hints at
missing 3NF?? All results
to be revised!
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Open quantum systems

Coupled Cluster and He Isotopes

3He “He 5He 5He
I Re[E] ImE] Re[E] ImE] Re[E]  Im[E]  Re[E] Im[E]

s—p -494 0.00 -24.97 0.00 -20.08 -0.54 -19.03 -0.18
s—d -6.42 0.00 -26.58 0.00 -23.56 -0.22  -2326 -0.09
s—f -6.81 0.00 -27.27 0.00 -24.56 -0.17  -24.69 -0.07
s—g -6.91 0.00 -27.35 0.00 -24.87 -0.16 -25.16 -0.06

Expt. -7.72 0.00 -28.30 0.00 -27.41 -0.33(2) -29.27 0.00
CCSD calculation of the 3~®He ground states with the low-momentum N3LO

nucleon-nucleon interaction for increasing number partial waves. The energies E are
given in MeV for both real and imaginary parts. Reference state defined so that total

spin projection is maximal. Orbits with largest m; filled first.
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Open quantum systems

Coupled Cluster and He Isotopes

"He 8He 9He 10He
lj Re[E] Im[E] Re[E] Im|[E] Re[E] Im[E] Re[E] Im[E]
s—p -17.02 -0.24 -16.97 -0.00 -15.28 -0.40 -13.82 -0.12
s—d -22.19 -0.12 -2291 -0.00 -21.34 -0.15 -20.60 -0.02
s—f -2413 -0.11 -25.28 -0.00 -23.96 -0.06 -23.72 -0.00
s—g -24.83 -0.09 -26.26 -0.00 -25.09 -0.03 -24.77 -0.00

Expt. -28.83 -0.08(2) -3L.41

0.00

CCSD calculation of the 7~19He ground states

-30.26  -0.05(3) -30.34
. 850 single-particle orbitals,

0.09(6)

5s5p5d4f44h4i proton orbitals and 20s20p5d4f44h4i neutron orbitals. For 1°He this

is approximately 10?2 basic states.
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Effective Interactions for Weakly  Complex Interactions

Exotic Systems

Challenges

Exotic phenomena emerge in weakly bound and resonant many-body quantum
systems. These phenomena include ground states that are embedded in the
continuum, melting and reorganizing of shell structures, extreme matter clusterizations
and halo densities. These unusual features occur in many branches of physics; as
examples,in quantum, ultracold atom gases, auto-ionizing or molecules and exotic
nuclei. In nuclear physics we find such exotic systems moving away from the valley of
nuclear stability towards the drip lines, where the outermost nucleons literally start to
drip from the nuclei.

The theoretical description of weakly bound and unbound quantum many-body
systems is a challenging undertaking. The proximity of the scattering continuum in
these systems implies that they should be treated as open quantum systems where
coupling with the scattering continuum can take place. Recent work with Gamow
states employed in Hamiltonian diagonalization have shown that these basis states
correctly depict properties associated with open quantum systems.

Can we construct effective interactions for such systems?
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling, Definition

In nuclear physics, like in atomic physics, the expansion of many-body wavefunctions
on single particle bases, generated by a suitable potential has been common practice.
For a given potential the single particle eigenstates form a complete set of states,

1= S ww)unl + 5 [ a0l
b —o0

This completeness relation is known as the resolution of unity. The relation also
applies to the binary interaction of say two nucleons and their relative motion. The
sum is over the bound states in the system, while the integral is over the positive
energy continuum states. The infinite space spanned by this basis is given by all
square integrable functions on the real energy axis, known as the L2 space, which
forms a Hilbert space. In the case of a confining harmonic oscillator potential there is

an infinite number of bound states and no continuum integral.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling, Definitions

The momentum space Schrodinger equation, for relative motion in partial wave / in a
central potential, reads

K2 2 [
K (K) + 2 / daq? Vi(k, @)ni(q) = Enbi(K).
12 ™ Jo

With real momenta the momentum space Schrodinger equation corresponds to a
hermitian Hamiltonian. The energy eigenvalues will in this case always be real,
corresponding to discrete bound states (E,; < 0) and a continuum of scattering states
(En > 0). Resonant and antibound states can never be obtained by directly solving
this equation as it stands. In a sense, one can say that the spectrum of a hermitian
Hamiltonian does not display all information about the physical system.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Generalizing k to the complex k-plane, i.e. k = Re[k] + iIm[k], an integral equation
for the bound state wavefunctions may be written as

vnlh) = 2 [ dag?Vi(k, @Ym(a):

En — k2/2p 7 Jo

1(k) is analytic in the upper half complex k-plane corresponding to the physical
energy sheet, except for simple poles at the bound state energies (positive imaginary
k) and a cut in the complex E-plane along the real energy axis. The interaction
between the particles, Vj(k, q), is assumed to be spherically symmetric without tensor

components. Our discussion does not involve the particle spins explicitly.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

The Fourier-Bessel transform of a non-local potential V(r, r") in coordinate space is
given by

Vi(k, k") / drr? / dr'r’ _]/ (kr)ji(K' FYVi(r, ).
In the case of a local potential,

o(r—r")

V/(I’,I‘,): 2

Vi(r),

yielding
oo
v,(k,k’):/ drr?jy(kr)ji(k"r) Vi (r).
0

The interaction in momentum space is given in units of MeVfm?3.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Antibound states are not to be interpreted as physical states, i.e. a quantal system
cannot be put in such a state. Nevertheless, antibound states close to the scattering
threshold may have impact on observables such as phase shifts. For a system with
antibound states close to the scattering threshold, a large enhancement of the
scattering cross section will take place. This enhancement can be understood in terms
of the antibound states.

From a mathematical point of view an antibound state is defined as a pole of the

scattering matrix located on the negative imaginary k-axis.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Resonant states can be divided into two subclasses; decay and capture states. Decay
states are associated with poles of the scattering matrix located in the fourth quadrant
of the complex k-plane. They have outgoing boundary conditions at infinity. Capture
states are on the other hand associated with poles in the third quadrant of the
complex k-plane, and have incoming waves at infinity. Naturally only capture states
can be given physical meaning. Capture states may be interpreted as quasi-stationary

states formed inside a potential barrier in the positive energy regime.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Resonant states will have a definite lifetime before they decay through the barrier.
This lifetime varies inversely with the probability of tunneling through the barrier, and
the probability of tunneling is given by the width ' of the resonant states. The width
is in turn given by the absolute value of the imaginary part of the resonance energy
squared. The closer the resonance energy is to the real energy axis, the smaller the
width becomes and the lifetime of the quasi-stationary states increases. This indicates
that resonant states with energy close to the real energy axis may have larger impact
on observable quantities, e.g. phase shifts and scattering cross sections. Physical
decay states are those with positive real energy. Gamow states are to be understood
as physical resonant decay states close to the real energy axis, i.e. resonant states
with narrow widths.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Antibound and resonant states are located on the second (non-physical) energy
Riemann sheet. The momentum is a multivalued function of energy; k(E) = /2uE.
Multivalued functions may be represented by Riemann surfaces of branch cuts. The
upper half complex k-plane and the lower half complex k-plane maps into the same
complex energy plane. This problem is resolved by defining a Riemann surface with
two sheets. The physical energy sheet (first sheet) is a mapping of the upper half
complex k-plane while the so called non-physical energy sheet (second sheet) is a
mapping of the lower half complex k-plane.

To reach into the non-physical energy sheet where antibound and resonant states are
to be found one has to analytically continue the scattering equations through the cut
along the real energy axis and into the lower half complex energy plane. We study

here the analytic continuation of the Schrédinger equation into the non-physical sheet

by the contour deformation method.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

In the 1960's Berggren discussed the use of resonant states in eigenfunction
expansions of scattering and reaction amplitudes.

The resonant states form an incomplete set of states, for completeness the
non-resonant continuum states has to be taken into account. Berggren found that the
regularized resonant states along with a set of non-resonant continuum states defined
on deformed contours in the complex momentum plane, form a bi-orthogonal set of
states. This bi-orthogonal set can in turn be used as expansion basis for various

physical quantities, where the resonant character of the system is displayed explicitly.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

The method Berggren studied is based on analytic continuation of the completeness
relation to the complex k-plane by deforming the integration contour.

The sum over bound states are then the residues calculated at the poles of the
scattering matrix along the positive imaginary k - axis. The integration along the real
axis may then be distorted into some inversion symmetric contour, meaning that if k
is on C, then —k is also on C. By redefining the completeness relation on distorted
contours in the complex k plane, one can show by using Cauchy’s residue theorem
that the summation over discrete states will in general include bound, antibound and
resonant states. By this procedure the norm integral of the resonant states is
regularized along the distorted contours.

The eigenfunctions defined along distorted contours form a biorthogonal set, and the
normalization follows the generalized c-product

(il nr 1)) = Wyl 1) = S, -
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Effective Interactions for Weakly  Complex Interactions

General Completeness Relation

The most general completeness relation on an arbitrary inversion symmetric contour
C = CT + C~ can then be written as

1= 3 ) (Wl + [ delvn(2) (07 ),

neC

where Ct is the distortion of the positive real k-axis, and C~ is the distortion of the
negative real k-axis.

[ arvi@nwi@l = [ delu@) i@l
Cc— ct+

The summation is over all discrete states (bound, virtual and resonant states) located
in the domain C, defined as the area above the contour C, and the integral is over the

non-resonant complex continuum defined on C*.
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Effective Interactions for Weakly  Complex Interactions

Complex Scaling

Here the symmetry of the integrand has been taken into account, that is

[ ity (0l = [ dikln () (67 (K.
c— ct+

The summation is over all discrete states (bound, antibound and resonant states)
located in the domain C, defined as the area above the contour C, and the integral is
over the non-resonant complex continuum defined on C*. The space spanned by the
basis includes all square integrable functions defined in the domain C, defining a
generalized Hilbert space.

In analytic continuation of integral equations we state the general rule

Continuing an integral in the complex plane, the moving singularities of the integrand
must not intercept the integration contour.
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Effective Interactions for Weakly  Complex Interactions

A modified contour

The contour G,

@ The line segment L; is given

BS R by a rotation .
‘ CS o e DS 1= kl eXp(_Ie)
Llo Vs © 0 @ ki €0, b], Ly is given by a
vs 2 translation

7zp = kp — ibsin(0) where
ko € [bcos(), kmax| and

@ b determines the translation
into the lower-half k-plane
and L3 by Z3 = kmax — ic
where ¢ € [bsin(6)0].
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Effective Interactions for Weakly  Complex Interactions

Sketch of two possible contours

,,,,,,,,,, oy mk Interaction Singularity

For k, k' > pa/tan(0) = kmax the
contour Cfr will pass through the
< singularity of the interaction and
Cauchy'’s integral theorem cannot
== be applied.

C2 Cl1
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Effective Interactions for Weakly  Complex Interactions

Complex interaction, the t-matrix

We can then obtain a complex t-matrix defined in operator form by

t(w) = V + VG(w)V

Z W’b "Z’b‘ / dE, W’c wc‘

w—E.’

with

or in full glory (real k, k)
4 /
ik, Ky w) = Vi(k, K') + — Z// dz d2' 222 Vi(k, ) LeE¥eE) 0 iy
me ~JcJc w — Eq

Here C is either C1+ or C2+. This applies to C’ as well. The last equation can be

solved via matrix inversion or as an eigenvalue problem.
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Effective Interactions for Weakly  Complex Interactions

t-Matrix for Malfliet-Tjon like potential

Kmax = 529 [MeV]

k,k;100) [1/MeV**2]

=-12 ]
_14 |

_16 i

0 200 400 600 800 1000
K[MeV ]
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Effective Interactions for Weakly  Complex Interactions

Two-body Matrix Elements |

The renormalized nucleon-nucleon interaction in an arbitrary two-particle basis in the
laboratory frame is given by

<ab‘vlow—k|5d> = ((”alajatza)(nblbjbtzb)JTz| Viow—k l(”clcjctzc)(”dldjdtzd)JTz>(- )
19
The two-body state |ab) is implicitly coupled to good angular momentum J. The
labels n, .4 number all bound, resonant and discretized scattering states with orbital
and angular momenta (/.. 4, Ja...d)-
In order to efficiently calculate the matrix elements of Eq. (19), we introduce a
two-particle harmonic oscillator basis completeness relation

> laB)epl =1, (20)

asp

where the sum is not restricted in the neutron-proton case. We introduce the greek
single particle labels «, 3 for the single-particle harmonic oscillator states in order to

distinguish them from the latin single-particle labels a, b referring to Gamow states.
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Effective Interactions for Weakly  Complex Interactions

Two-body Matrix Elements Il

The interaction can then be expressed in the complete basis of Eq. (20)

Vose = Z Z |a5><a5|vlow7k|76> <76|’ (21)

as<By<s

where the sums over two-particle harmonic oscillator states are infinite. The expansion
coefficients

(B Viow—k|78) = <(”oc/a.jo¢ tzo)(nglajptzs )Tz

Viow—k |(”’y”yj7tzn,)("6/5j6tza )JTZ> )

represent the nucleon-nucleon interaction in an antisymmetrized two-particle harmonic
oscillator basis, and may easily be calculated using the well known Moshinsky

transformation coefficients.
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Effective Interactions for Weakly  Complex Interactions

Two-body Matrix Elements Il

Matrix elements of Eq. (19) are calculated numerically in an arbitrary two-particle
Gamow basis by truncating the completeness expansion of Eq. (21) up to N harmonic
oscillator two-body states

N N
(ab| Voscled) & >~ > (ablaB) (Bl View—k|v0) (v6]cd). (22)
as<py<s

The two-particle overlap integrals (ab|a3) read

(ale) (b|B) — (=1)J—I5 (a| B) (blev)

(ablap) = (23)
(1 + 63[7)(1 aF 6046)
for identical particles (proton-proton or neutron-neutron states) and
(ablaB) = (ala)(b|B) (24)

for the proton-neutron case.
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Effective Interactions for Weakly  Complex Interactions

Two-body Matrix Elements IV

The one-body overlaps (a|c) are given by,

(alo) = [ d7 726a(r)Ra(") Ot B e (25)

where ¢, is a Gamow single-particle state and R, is a harmonic oscillator wave
function. The radial integral is either evaluated in momentum or position space,
indicated by the integration variable 7. The important point to notice is that the only
numerical calculations involving Gamow states are the overlaps of Eq. (25). Hence,
this expansion provides a simple analytical continuation of the nuclear interaction in
the complex k-plane. More precisely, the expansion coefficients of Eq. (22) can always
be calculated with real harmonic oscillator wave functions, and in the case of Gamow
functions spanning a complex contour Lt (as in the momentum space representation),
it is only the overlap integrals of Eq. (25) which are analytically continued in the
complex plane. These one-body overlap integrals converge in all regions of the
complex plane which are of physical importance, due to the gaussian fall off of the

harmonic oscillator wave functions.
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Effective Interactions for Weakly  Complex Interactions

Iw dependence of the real part of the °He ground state

energy

-22 T T T T T T

-22.51 q

l
N
w

T

L

—23.5F e ———

Re[E] (MeV)

-24.51 1

_25 I I I I I I
14 16 18 20 22 24 26 28

hw (MeV)
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Effective Interactions for Weakly  Complex Interactions

hw dependence of the imaginary part of the >He ground

state energy

—0.4 I I I I I I
14 16 18 20 22 24 26 28

hw (MeV)
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Effective Interactions for Weakly  Complex Interactions

Convergence of the real part of the >He ground state

energy
-22.77 ; i i ' '
i
:
-22.8F Li  : Re[E]=- 235468 MeV 1
-22.91 L :Re[E] = - 23.5581 MeV ]
Triangle

A Re[E] = 0.0113 MeV

# iterations
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Effective Interactions for Weakly  Complex Interactions

Convergence of the imag part of the >He ground state

energy
0.2 ! : ; ; ;
Ly ]
0151 L . Im[E] = - 0.2134 MeV
1 RT
0.1f ! . ]
' LY :Im[E]= - 0.2158 MeV
1 Triangle
0.05f 1 4
1
S ol A Im[E] = 0.0025MeV |
[}
s 4
=-0.05 \ 1
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‘E -01 1
-0.15 4
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~03 . . . . .
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# iterations
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Conclusion

@ Coupled Cluster meets few-body benchmark calculations.

@ J-coupled CCSD and CCSD(T) code has been derived and
implemented. Coupled cluster approach to medium mass and
driplines with bare interactions!

@ Derived and implemented Equation of Motion CCM;
calculation of density distributions and radii.

@ CCM has been succesfully applied to the description of weakly
bound and unbound helium isotopes.

@ We have a tool to attack the structure and properties of
dripline and medium mass nuclei !
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Future perspectives

Location of dripline in the Oxygen chain ?

Revisit Helium chain with 3NF. Spin-orbit splitting in He7 and
He9.

Matter and charge radii of !Li.
Excited states and matter densities for dripline nuclei.
Coupled Cluster approach to nuclear matter.

Construction of effective interaction for shell-model
calculations.

Coupled-Cluster approach to nuclear reactions; CC-LIT and
construction of optical potentials from folding procedures.

We are developing a J-coupled CCSDT code.
Ab-initio description of ®°Ni, 1%9Sn and 2%Pb within reach!

CENS: A Computational Environment for Nuclear Structure Lecture Set IV+V: Many-body methods



	Outline
	Main Talk
	Coupled Cluster equations
	Coupled Cluster for open quantum systems
	Effective Interactions for Weakly Bound Systems
	Complex Effective Interactions

	Conclusion and Perspectives


