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Width of a narrow resonanceWidth of a narrow resonance

time-dependent HamiltonianH(t) = H0 + V (t) (V << H0 )

  

ih∂ψ
∂t

= ˆ H ψ

ˆ H 0φn = Enφn ⇒ ψ = cn (t)
n

∑ φne
− iEnt / h

…expansion of ψ in the basis of Ho

  
ih dck

dt
= cn (t)

n
∑ φk V φn eiω knt , ωkn = Ek − En( )/h

As initial conditions, let us assume that at t=0 the system is in the state φ0. That is,

cn (0) =
1 for n = 0
0 for n ≠ 0

If the perturbation is weak, in the first order, 
we obtain:

  
ih dck

dt
= φk V φ0 eiω k 0t

closedopen



Furthermore, if the time variation of V is slow compared with exp(iωkot), we may
treat the matrix element of V as a constant. In this approximation: 

ck (t) =
φk V φ0

Ek − E0

1− eiω k 0t( )

The probability for finding the system in state k at time t if it started from state 0
at time t=0 is:

ck (t) 2 = 2
φk V φ0

2

Ek − E0( )2 1− cosωk0t( )

The total probability to decay to a group of states within some interval labeled
by f equals:

  
ck (t) 2

k ∈ f
∑ =

2
h2

φk V φ0
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ωk0
2 1− cosωk0t( )∫ ρ Ek( )dEk



The transition probability per unit time is

    
W =

d
dt

ck (t) 2

k ∈ f
∑ =

2
h2 φk V φ0

2 sinωk 0t
ωk 0

∫ ρ Ek( )dEk

Since the function sin(x)/x oscillates very quickly except for 
x~0, only small region around E0 can contribute to this 
integral. In this small energy region we may regard the 
matrix element and the state density to be constant. This 
finally gives:

    
W0 → f =

2π
h

φ f V φ0

2
ρ E f( ) Fermi’s 

golden rule

sin x
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∞

∫ dx = π



Two potential approach to tunnelingTwo potential approach to tunneling
(decay width and shift of an isolated (decay width and shift of an isolated quasistationaryquasistationary state)state)

A. A. GurvitzGurvitz, Phys. Rev. A 38, 1747 (1988); A. , Phys. Rev. A 38, 1747 (1988); A. GurvitzGurvitz et al.et al., , Phys. Rev. A69, 042705 (2004)

V r( )= U r( )+ W r( )
openopen closedclosed scatteringscattering

˜ W = W + V0



eigenstate
of T+U with

E=E0

eigenstate
of T+U with

E=E0

eigenstate
of T+W with

E=E0

eigenstate
of T+W with

E=E0

~

Isolated Breit-Wigner resonance; Fermi’s golden rule 

Final simple expressions for the width and energy shift:Final simple expressions for the width and energy shift:



Improvement:Improvement:



LowLow--lying dipole strength for weakly bound systemslying dipole strength for weakly bound systems

Bertulani and Baur, Nucl. Phys. A480, 615 (1988)
Nagarajan, Lenzi, Vitturi, Eur. Phys. J. A24, 63 (2005)

Two-body case, 1-neutron halo 

Eb=-Sn

For                                 transition:

It has maximum at

19CEc



Pushkin, Jonson, and Zhukov, J. Phys. G 22, L95 (1996
Three-body case, 2-neutron halo 

11Li



QuasistationaryQuasistationary states and Gamow statesstates and Gamow states



QuasistationaryQuasistationary StatesStates

For the description of a decay, we demand that far from the force center 
there be only the outgoing wave. The macroscopic equation of decay is

N is a number of radioactive nuclei, i.e., number of particles inside of sphere r=R:



We should thus seek a solution of the form

relation between decay width 
and decay probability

relation between decay width 
and decay probability

J.J. Thompson, 1884
G. Gamow, 1928
J.J. Thompson, 1884
G. Gamow, 1928

The time dependent equation

can be reduced by the above substitution to the stationary equation

The boundary condition

takes care of the discrete complex values of E



Since the energy E is complex, the momentum k is also complex. Asymptotically

Therefore

What is a physical interpretation of the asymptotic growth of the wave 
function at large r ? At any time t0 we find at a given distance from the 
center those particles which were emitted at a previous time

However, on the account of the exponential time dependence, the amplitude 
of the wave function at the center at the earlier time was greater than it is 
at t0. Indeed

(the exponential temporal decrease of the wave function amplitude is complemented by 
its exponential spatial increase, and the divergence of the resonance wave function 
assures that the particle number is conserved)

Looks scary
but nothing
to worry about!



Humblet and Rosenfeld: Nucl. Phys. 26, 529 (1961)
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Outgoing flux and width of the Gamow state

An extremely useful expression!



When can we talk about When can we talk about ““existenceexistence”” of an unbound system?of an unbound system?

  
T1/ 2 = ln2 =

Γ
, = = 6.58 ⋅10−22 MeV ⋅ sec

T1/ 2 >> Ts.p.

Ts.p. ≈ 3 ⋅10−22 sec = 3babysec.

Γ <<1MeV

A typical time
associated with
the s.p. motion



Baumann et al., 
ENAM’08



the difference of mass excess of projectile and target

Extrapolates 
very well!



??


