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Background

The topologicalstructureof the eigenenergysurfacein parameterspace
at a degeneracyof unbound statesarisesnaturally in connectionwith a
number of subjects:

² Doublets and degeneracyof resonancesin nuclear and particle
physicsand solid state physics
P. von BrentanoPhys. Rep. 264, 57 (1996)
E. Hern¶andezand A. Mondrag¶on Phys. Lett. B326,1 (1994);
E. Hern¶andez,A. J¶aureguiand A. Mondrag¶on, Phys. Rev. A 67,
022721-1,(2003); F. Keck, H.J. Korsch and S.Mossmann,J. Phys.
A: Math. and Gen. 36 2139(2003); O.N. Kirillov, A.A. Mailybaev
and A.P. Seyranian,J. Phys. A: Math. and Gen. 38, 5531(2005)

² Crossingand anticrossingsof unbound levels
P. von Brentanoand M. Phillip Phys. Lett. B 454, 171 (1999); P.
von Brentano, Rev. Mex. Fis. 48, (S2), 1, (2002); A. Mondrag¶on
and E. Hern¶andezJ. Phys. A: Math. and Gen. 26, 5595 (1993);
Rev. Mex. Fis 49, (S4), 60 (2003); Int. J. of Theor. Phys. (2005)
in press; W. Vanroose, Phys. Rev. A 64, 062708-1, (2001).

² TopologicalPhaseof resonantstates
A. Mondrag¶on and E. Hern¶andezJ. Phys. A: Math. and Gen. 26,
5595(1993), Ibid 29, 2567(1996); C. Dembowskiet al., Phys. Rev.
Lett. 86, (2001) 787; Phys. Rev. Lett. 90, 034101-1,(2003);
W.D. Heiss Eur. Phys. D 7, 1, (1999)
F. Keck,H.J. KorschandS. Mossmann,J. Phys. A: Math. andGen.
36 2125, (2003); A.A. Mailibaev,O.N. Kirillov and A.P. Seyranian,
Phys. Rev. A72, 014104(2005)

² Resonancepolesof higherrank in the scatteringmatrix;
J.S. Bell and C.J. Goebel, Phys. Rev. 138 B, 1198 (1995) E.
Hern¶andez,A. J¶aureguiand A. Mondrag¶on J. Phys. A: Math. and
Gen. 33, 4507,(2000)



Regular solutions of the radial equation

Considera radialHamiltoniandependingon two realcontrol parameters
(X 1; X 2) ,

H ( ` )
r ´

¹h2

2¹

h
¡

d2

dr 2
+

` ( ` + 1)

r 2
+ V (r ; X 1; X 2)

i
:

The regular solution of the radial SchrÄodinger equation is the Jost
solution

H ( ` )
r (X 1; X 2)Á` (k ; r ; X 1; X 2) = k 2Á` (k ; r ; X 1; X 2)

lim
r ! 0

(2 ` + 1)!! r ¡ ` ¡ 1Á` (k ; r ; X 1; X 2) = 1:

The Jost solution, Á` (k ; r ; X 1; X 2) , is a linear combination of
an incoming wave, f ( ¡ k ; r ; X 1; X 2) , and an outgoing wave
f (k ; r ; X 1; X 2)

Á` (k ; r ) =
1

2
ik ¡ ` ¡ 1

h
f ` ( ¡ k ) f ` (k ; r ) ¡ ( ¡ 1) ` f ` (k ) f ` ( ¡ k ; r )

i

The Jost function,

f ` ( ¡ k ; X 1; X 2) ´ f ` ( ¡ k ; r = 0; X 1; X 2)

is a function of the complex wave number k and the real control
parameters(X 1; X 2) .



Physical solutions of the radial equation I

The scattering wave function, the scattering matrix and the Green's
function havepolesat the zeroesof the Jost function

Scatteringwavefunction

Ã (+)
` (k ; r ) =

k ` +1 Á` (k ; r )

f ` ( ¡ k )

Boundary conditions:

Ã (+)
` (k ; 0) = 0

and

lim
r !1

n
Ã (+)

` (k ; r ) ¡
h
ĥ ( ¡ )

` (k ; r ) ¡ S` (k ) ĥ (+)
` (k ; r )

io
= 0:

The scatteringmatrix is

S` (k ) =
f ` (k )

f ` ( ¡ k )
:

The completeGreen'sfunction for outgoingparticles or resolventof the
radial equationis

G (+)
` (k ; r ; r 0) = ( ¡ 1) ` +1 k ` Á` (k ; r < ) f ` ( ¡ k ; r > )

f ` ( ¡ k )



Physical solutions II

Bound and unbound or resonancestate eigenfunctions

d2u n` ( r )

dr 2
+

·
k 2

n ¡
` ( ` + 1)

r 2
¡ V ( r ; X 1; X 2; ::: )

¸
u n` ( r ) = 0

Boundary conditions

u n` (kn ; 0) = 0

lim
r !1

h 1

u n` (kn ; r )

³ du n` (kn ; r )

dr

´
¡ ik n

i
= 0

This condition is satis¯ed whenk n is a zero(root) of the Jost function,

f ` ( ¡ kn ) = 0

The zeroesof the Jost function de¯ne:

² the real (bound states) and complex (unbound states) energy
eigenvalues

² the real (bound state) and complex(resonancestates) polesof the
scatteringwavefunction, Á(k ; r ) , the scatteringmatrix, S(k ) , and
the Green'sfunction G (+) (k ; r ; r 0) .



Zeroes of the Jost function

² When the ¯rst and secondabsolutemomentsof the potential exist
and the potential decreasesat in¯nit y faster than any exponential,
the functionsÁ` (k ; r ) ; k ` f ` ( ¡ k ; r ) and f ` ( ¡ k ) , for ¯xed r > 0,
are entire functionsof k .

² The Jost function f ` ( ¡ k ) haszeroes(roots) on the imaginary axis
and in the lower half of the complexk-plane

Im  k

bound states poles

resonance poles

Re  k



The no-crossing rule for bound states

when kn = i· n , vn` ( · n ; r )
Im  k

Re  k

is the eigenfunctionbelonging to
the real energyeigenvalueEn =
¡ ¹h2

2m · 2
n < 0 (R.G. Newton

1960).

N 2
n` =

1

i 4k 2( ` +1)
n

f ` (kn )
µ

df ` ( ¡ k )

dk

¶

kn

=
Z 1

o
j u n` (kn ; r ) j 2dr > 0

Hence
³

df ` ( ¡ k )
dk

´

kn
6= 0

² The zero of f ` ( ¡ kn ) must be simple. The corresponding pole
G (+)

` (k ; r ; r 0) and S` (k ) must be simple
² In the absenceof symmetry, the real negativeenergyeigenvaluesof

the radial SchrÄodingerequationcan not be degenerate
² An accidental degeneracyis not possible between bound state

eigenfunctionswith the same` values.



Accidental Degeneracy of ResonancesI

ResonantStates: When kn =
Im  k

bound states poles

resonance poles

Re  k

· n ¡ i¸ n and u n` (kn ; r ) is the
Gamow eigenfunction belonging
to the complexenergyeigenvalue
En = 2m

¹h [( · 2
n ¡ ¸ 2

n ) ¡ i 2· n ¸ n ].
Then, T. Berggreen(1968)

1

i 4k 2( ` +1)
n

f ` (kn )
µ

df ` ( ¡ k )

dk

¶

kn

= lim
¹ ! 0

Z 1

o
e¡ ¹r 2

u 2
n` (kn ; r )dr

The integral is a complexnumber and may vanish

lim
¹ ! 0

Z 1

o
e¡ ¹r 2

u 2
n` (kn ; r )dr = 0 ,

³ df ` ( ¡ k )

dk

´

kn
= 0

² Whereasboundstatepolesof S` (k ) ; G (+)
` (k ; r ; r 0) andÃ (+)

` (k ; r )
must be s imple, thereis no generalprohibition of multiple resonance
polesin the complexk-plane.

THE NO CROSSINGRULE DOESNOT HOLD FOR RESONANT
STATES

² Accidental degeneracyof complex energy eigenvaluesmay occur
betweenresonantstateswith the same` value.



Pole Position Function and Energy Hypersurfaces

The condition

f ( ¡ k ; X 1; X 2) = 0

de¯nes implicitly the Pole Position Functions

kn = kn (X 1; X 2)

as branchesof a multivaluedfunction

kn = f ¡ 1(0; X 1; X 2) :

Eachbranch,kn (X 1; X 2) , is a continuoussingle-valuedfunction of the
control parameters(X 1; X 2)

The energyeigenvaluesare obtainedfrom the zerosof the Jost function
(Pole Position Function):

En =
¹h2

2m
k 2

n (X 1; X 2)

Eachenergyeigenvalueis representedas an energyhypersurface

En = En (X 1; X 2)

in a spacewith coordinates(R eEn ; I m En ; X 1; X 2)



Isolated Doublet of Unbound States (IDUS)

A potential V (r ; X 1; X 2) with two regions of trapping may have
isolateddoubletsof resonances

X2

X1X1

X2

exceptional
point

Im E

Re E

E1

E2

degeneracy
point

*

*

D

M

f ( ¡ k ; X 1; X 2) =
³

k ¡ kn (X 1; X 2)
´³

k ¡ kn +1 (X 1; X 2)
´

g(k )

g(k ) 6= 0

dg(k )
dk 6= 0

9
=

;
when

(X 1; X 2) ² D

k ² M

no other zeroesof f ( ¡ k ) in M .

Degeneracy conditions: If for somevalue(X ¤
1 ; X ¤

2 ) ² D

f ( ¡ k ; X ¤
1 ; X ¤

2 ) = 0

df ( ¡ k )
dk = 0

9
=

;
=)

8
<

:

(k ¡ k ¤
n )( k ¡ k ¤

n +1 ) = 0

(k ¡ k ¤
n ) + (k ¡ k ¤

n +1 ) = 0

kn (X ¤
1 ; X ¤

2 ) = kn +1 (X ¤
1 ; X ¤

2 ) = kd



Scattering by a double barrier potential

E. Hern¶andez,A. J¶auregui and A. Mondrag¶on, Rev. Mex. Fis. 49,
(S4), 60 (2003). Doublets of resonancesand accidental degeneracy
of resonancesmay occur in the scattering of a beam of particles by
a potential well with two regionsof trapping. A simple exampleis
provided by two concentric spherical potential barriers which divide
spacein three regions.

The systemhassevenparameters,we choose(d andV3) asthe external
control parametersall other parametersare kept constant.

V ( r )

d

V 3

r

The s-waveradial SchrÄodingerequationis:

d2Ã(k ; r )

dr 2
+

¡
k 2 ¡ V ( r )

¢
Ã(k ; r ) = 0

The scattering wavefunction, Ã(k ; r ) , is related to the regular Jost
solutionÁ(k ; r ) and the Jost function f ( ¡ k ) by

Ã(k ; r ) = ¡
2ik

f ( ¡ k )
Á(k ; r )



Isolated doublet of unbound states in a double barrier
potential
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Pole Position Function of an IDUS

When the Jost function hasan isolateddoublet of zeros

f ( ¡ k ; X 1; X 2) =
³

k ¡ kn (X 1; X 2)
´³

k ¡ kn +1 (X 1; X 2)
´

gn;n +1 (k )

gn;n +1 (k ; X 1; X 2) 6= 0
dgn;n +1 (k ; X 1; X 2)

dk
6= 0

The vanishingof the Jost function de¯nes the Pole Position Function
kn;n +1 (X 1; X 2) of the IsolatedDoublet of Unbound States(IDUS)

h
kn;n +1 ¡

1

2
(kn (X 1; X 2) + kn +1 (X 1; X 2)

i 2
¡

1

4

³
kn (X 1; X 2) ¡ kn +1 (X 1; X 2)

´ 2
=

f ( ¡ k ; X 1; X 2)

gn;n +1 (k ; X 1; X 2)

Hence,

kn;n +1 (X 1; X 2) =
1

2

³
kn (X 1; X 2) + kn +1 (X 1; X 2)

´

§

r
1

4

³
kn (X 1; X 2) ¡ kn +1 (X 1; X 2)

´ 2

this expressionrelatesthe Pole Position Function of IDUS to the Pole
Position Functionsof the individualunbound statesin the doublet



The Pole Position Function of an IDUS at an
exceptional point

From the preparation theorem (Weierstrass)

f ( ¡ k ; X 1; X 2) =
h³

k ¡
1

2

¡
kn (X 1; X 2) + kn +1 (X 1; X 2)

¢´ 2
¡

1

4

³
kn (X 1; X 2) ¡ kn +1 (X 1; X 2)

´ 2i
gn;n +1 (k ; X 1; X 2)

The functions,1
2

¡
kn (X 1; X 2)+ kn +1 (X 1; X 2)

¢
and 1

2

¡
kn (X 1; X 2) ¡

kn +1 (X 1; X 2)
¢2

, are regular at the exceptionalpoint (X ¤
1 ; X ¤

2 ) , and
admit a Taylor seriesexpansionabout that point

1

4

³
kn (X 1; X 2) ¡ kn +1 (X 1; X 2)

´ 2
= c(1)

1
¡
X 1 ¡ X ¤

1
¢

+ c(1)
2 (X 2 ¡ X ¤

2 ) + ::::

1

2

³
kn (X 1; X 2) + kn +1 (X 1; X 2)

´
= d(1)

1 (X 1 ¡ X ¤
1 ) + d(2)

2 (X 2 ¡ X ¤
2 ) + :::

where,

c(1)
1;2 =

¡ 2
h³

@2f (¡ k ;x 1;x 2)
@k2

´

x ¤
1;x ¤

2

i

k= kd

h³ @f ( ¡ k ; x 1; x 2)

@x 1;2

´

x 2;1

i

kd
;

d(1)
1;2 =

¡ 1
h³

@2f (¡ k ;x 1;x 2)
@k2

´

x ¤
1;x ¤

2

i

k= dd

nh³ @2f ( ¡ k ; x 1; x 2)

@x 1@k

´

x 2

i

k= kd
¡

1
h³

@2f (¡ k ;x 1;x 2)
@k2

´

x ¤
1;x ¤

2

i

k= kd

1

3

h³ @3f ( ¡ k ; x 1; x 2)

@k 3

´

x ¤
1;x ¤

2

i

k= kd

£
h³ @f ( ¡ k ; x 1; x 2)

@x 1

´

x 2

i

k= kd

o
:



The contact equivalent normal form

The two familiesof functions

kn;n +1 (X 1; X 2) =
1

2

³
kn (X 1; X 2) + kn +1 (X 1; X 2)

´

§

r
1

4

³
kn (X 1; X 2) ¡ kn +1 (X 1; X 2)

´ 2

and

k̂n;n +1 (X 1; X 2) = kd + ¢ (1) k (X 1; X 2)

§
q

c(1)
1 (X 1 ¡ X ¤

1 ) + c(2)
2 (X 2 ¡ X ¤

2 )

are contact equivalentat the exceptionalpoint (X ¤
1 ; X ¤

2 )

Theorem

At the exceptional point (X ¤
1 ; X ¤

2 ) , the multivalued Pole Position
Function of the IsolatedDoublet of Unbound States,k n;n +1 (X 1; X 2)
hasan algebraic branchpoint of square root type (rank one).



Unfolding of a Rank one Degeneracy Point

The two parameterfamily of functions:

f̂ doub ( ¡ k ; »1; »2) =
h
k ¡

³
kd + ¢ (1) kd(»1; »2)

´i 2

¡
1

4

³
( ~R ¢~») + i (~I ¢~»)

´
;

is conctact equivalent to the Jost function f ( ¡ k ; »1; »2) , at the
exceptionalpoint. It is also an unfolding of f ( ¡ k ; »1; »2) with the
following features:

1. It includes all possible small perturbations of the degeneracy
conditions

f̂ doub ( ¡ k ; »1; »2) = 0

and

³ @f̂ doub ( ¡ k ; »1; »2)

@k

´

kd
= 0;

³ @2f̂ doub ( ¡ k ; »1; »2)

@k 2

´

kd
6= 0

up to contact equivalence,and gives

k̂n;n +1 (»1; »2) = kd + ¢ (1)
n;n +1 kd(»1; »2) §

h1

4

¡ ~R ¢~» + i ~I ¢~»
¢i 1=2

2. It usesthe minimum number of parameters,namely two, which is
the codimensionof the degeneracy. The parametersare (»1; »2) .

Therefore, f̂ doub ( ¡ k ; »1; »2) is a universal unfolding of the Jost
function f ( ¡ k ; »1; »2) at the degeneracyof unbound states

¡
k = kd,

»1 = (X 1 ¡ X ¤
1 ) = 0; »2 = (X 2 ¡ X ¤

2 ) = 0
¢



Contact equivalent approximant to the energy
hypersurface

From

³
En ¡ En +1

´ 2
=

¹h2

2m

³
kn + kn +1

´ 2³
kn ¡ kn +1

´ 2

and our previousresults:

² The energyhypersurfaceEn;n +1 (X 1; X 2) is contact equivalentto
the function

Ên;n +1 (X 1; X 2) =
1

2

³
En (X 1; X 2) + En +1 (X 1; X 2)

´

§
q

C(1)
1 (X 1 ¡ X ¤

1 ) + C(2)
2 (X 2 ¡ X ¤

2 )

at the exceptionalpoint (X ¤
1 ; X ¤

2 ) in parameterspace

² The hypersurfaces representing the complex resonance energy
eigenvalues,as functions of the external control parameters,have
an algebraic branch point of square root type (rank one) at the
exceptionalpoint (X ¤

1 ; X ¤
2 ) in parameterspace.



Branch point and branch cuts in parameter space I

Notation

~» =
µ

»1

»2

¶
=

µ
X 1 ¡ X ¤

1
X 2 ¡ X ¤

2

¶
; ~R =

Ã
R e C (1)

1

R e C (1)
2

!

; ~I =

Ã
I m C (1)

1

I m C (1)
2

!

:

Then, the energy-pole position function is

Ên;n +1 (»1; »2) = Ed + ¢ (1) Ed(»1; »2) + ²̂ n;n +1 (»1; »2) ;

where

²̂ n;n +1 (»1; »2) =

r
1

4

£
( ~R ¢~») + i ( ~I ¢~»)

¤

A little algebra gives,

R e²̂ n;n +1 (»1; »2) = §
1

2
p

2

h
+

q ¡ ~R ¢~»
¢2

+
¡ ~I ¢~»

¢2
+ ~R ¢~»

i 1=2

and

I m ²̂ n;n +1 (»1; »2) = §
1

2
p

2

h
+

q ¡ ~R ¢~»
¢2

+
¡ ~I ¢~»

¢2
¡ ~R ¢~»

i 1=2



Branch point and branch cuts in parameter space II

From our previousresults,(»i = X i ¡ X ¤
i ) i = 1; 2

R e²̂ n;n +1 (»1; »2) = §
1

2
p

2

h
+

q ¡ ~R ¢~»
¢2

+
¡ ~I ¢~»

¢2
+ ~R ¢~»

i 1=2

Hence, the real part of the energy-pole position function,
R e²̂ n;n +1 (»1; »2) , has an algebraic branch point of square root type
(rank one) at the exceptionalpoint in parameter space,and a branch
cut along a line, L R , that starts at the exceptionalpoint and extends
in the positivedirection de¯ned by the unit vector »̂c satisfying

L R : ~I ¢»̂c = 0 and ~R ¢»̂c = ¡j ~R ¢»̂cj

Similarly,

I m ²̂ n;n +1 (»1; »2) = §
1

2
p

2

h
+

q ¡ ~R ¢~»
¢2

+
¡ ~I ¢~»

¢2
¡ ~R ¢~»

i 1=2

The imaginary part of the energy-pole position function,
I m ² n;n +1 (»1; »2) , also has an algebraic branch point of square root
type (rank one) at the exceptionalpoint in parameter space,and also
hasa branch cut along a line, L I , that starts at the exceptionalpoint
and extends in the negative direction de¯ned by the unit vector »̂c

satisfying

L I : ~I ¢»̂0
c = 0 and ~R ¢»̂0

c = ¡j ~R ¢»̂0
cj



Unfolding a degeneracy point

Eigenwave Numb er Hypersurfaces

The surfaces,SR and SI , that representthe real and imaginary parts
of the eigenwave numbers, k 1 and k2 at the crossing,as functions of
the control parameters(d; V3)



Phenomenology of the exceptional point

Phenomenologicalmanifestationsof the geometricalproperties of the
energy surfacesclose to a crossingof unbound states (close to the
exceptionalpoint).

² When one parameter is slowly varied keeping the other constant
closeto the exceptionalpoint

I Crossingand anticrossingsof energiesand widths

II Changeof identity of the pole trajectoriesof the scatteringmatrix
in the E-plane

² Whenthe systemis slowly transported around the exceptionalpoint
in a doublecircuit in parameterspace

III The wavefunction acquiresa geometric(Berry) phase



Sections of the energy surfaces

The intersectionof the eigenenergysurfaceof the isolateddoublet of
unbound states, Sn;n +1 , and the hyperplanes¼i : »2 = ¹»( i )

2 , de¯nes
two-three-dimensionalcurves

Sn;n +1

\
¼i =

(
Cn (¼i )

Cn +1 (¼i )

Sn;n +1 :
1

2

³
En (»1; »2) + En +1 (»1; »2)

´
§

r
1

4

¡
En (»1; »2) ¡ En +1 (»1; »2)

¢2

¼i : »2 = ¹»( i )
2 ; i = 1; 2; 3

The sections, Cn (¼i ) and Cn +1 (¼i ) are three dimensionalcurves
tracedby the points En (»1; ¹»2) andEn +1 (»1; ¹»( i )

2 ) on the hypersurfaces
² n;n +1 (»1; »2) when the point (»1; ¹»( i )

2 ) movesalong the straight line
path ¼i in parameterspace.



Projections of the sections of the energy surfaces I

The projections of the sectionsCn (¼i ) and Cn +1 (¼i ) on the three
orthogonal planes(Re²; »i ), (Im²; »1) and (Re² , Im² ) are accesibleto
experimentaldetermination.

I. The projections of Cn (¼i ) and Cn +1 (¼i ) on the plane (Re²; »1)
shows the crossingsor anticrossingsof the energies

R e
£
Cn (¼i )

¤
= ¡ R e

£
Cn +1 (¼i )

¤
= ¡ ¾(R )

n R e
£
² n;n +1

¡
»1; ¹»( i )

2

¢¤

II. The projectionsof Cn (¼i ) and Cn +1 (¼i ) on the plane ( I m²; »1)
show the crossingsor anticrossingsof the widths

I m
£
Cn (¼i )

¤
= ¡ I m

£
Cn +1 (¼i )

¤
= ¡ ¾( I )

n I m [² n;n +1
¡
»1; ¹»( i )

2

¢
]

III. The projectionsof Cn (¼i ) andCn +1 (¼i ) on the plane(R e²; I m² )
are the trajectoriesof the poleson the complexenergyplane.



Projections of the sections of the energy surfaces II

Very accurate analytical approximations for the projections of the
sectionsof the energysurfacesare obtainedfrom the contact equivalent
approximant at the exceptionalpoint

I. The projectionsof the sectionsĈn (¼i ) and Ĉn; +1 (¼i ) on the plane
(R e²; »1) are

R e
h
Ĉn (¼i )

i
= ¡ R e

h
Ĉn +1 (¼i )

i
= ¡ R eÊn (»1; ¹»( i )

2 )

where

R eÊn (»1; ¹»( i )
2 ) =

¾(n )
R

2
p

2
jC (1)

1 j
h

+

q
»2

1 + 2z i cos(Á1 ¡ Á2)»1 + z2
i

+
¡
cos Á1»1 + cos Á2zi

¢i 1=2

zi ; Á1 and Á2 are constants.

II. The projectionsof the sectionsĈn (¼i ) and Ĉn +1 (¼i ) on the plane
( I m²; »1) are

I m
h
Ĉn (¼i )

i
= ¡ I m

h
Ĉn +1 (¼i )

i
= I m Ên (»1; ¹»( i )

2 )

where

I m Ên (»1; ¹»( i )
2 ) =

¾(n )
I

2
p

2
jc(1)

1 j
h

+

q
»2

1 + 2z i cos(Á1 ¡ Á2)»i + z2
i

¡ (cos Á1»1 + cos Á2zi )
i 1=2



Crossings and anticrossings of R e k n (d; V3) and I m kn (d; V3)

² The projections of C 1 and C2 on the plane (Re k, d) for ¯xed
V3 give the crossingsor anticrossings of the energy levels. The
projections of C 1 and C2 on the plane (Re k, Im k) give the
pole trajecto ries in the complex k ¡ plane

M. Phillipp, P. von Brentano, G. Pascovici and A. Richter. PRE
62, 1922,(2000)



Degeneracy point

V ¤
3 = 1.038235081

d¤ = 1.1314661145



² The projections of C 1 and C2 on the plane (Im k, d) for V3

¯xed give the crossings or anticrossings of the widths

V3 = 1.0384

M. Phillipp, P. von Brentano, G. Pascovici and A. Richter. PRE
62, 1922,(2000)



Real and Imaginary parts of E1;2(d; ¹V3) as a function
of d, and V3 = 1:0381 ¯xed

Figure 1:

Figure 2: V3 = 1:0381

- - - - - - contact equivalent approximant
||||| numerically exact



Real and Imaginary parts of E1;2(d; ¹V3) as a function
of d, and V3 = 1:038235081̄ xed

Figure 3: V3 = 1:038235081

Figure 4: V3 = 1:038235081

- - - - - - contact equivalent approximant
||||| numerically exact



Real and Imaginary parts of E1;2(d; ¹V3) as a function
of d, and V3 = 1:0384 ¯xed

Figure 5: V3 = 1:0384

Figure 6: V3 = 1:0384

- - - - - - contact equivalent approximant
||||| numerically exact



Crossings and anticrossings of energies and widths I

Standard notation: En = E n ¡ i 1
2¡ n

Crossings of energies

¢ E = E n ¡ E n +1 = 0 ! R e
h
Ĉn (¼i )

i ¯
¯
¯

~»= ~»c
= R e

h
Ĉn +1 (¼i )

i ¯
¯
¯

~»= ~»c

if and only if ~I ¢~»c = 0 and

h
+

q ¡ ~R ¢~»c
¢2

+
¡ ~I ¢~»c

¢2
+ ~R ¢~»c

i ¯
¯
¯

»2= ¹»
( i )
2

= 0

A crossing of energies, ¢ E = 0, occurs at the intersection of the
hyperplane, »2 = ¹»( i )

2 , and the branch cut line L R

Crossings of widths:

¢¡ = ¡ n ¡ ¡ n +1 = 0 ! I m
h
Ĉn (¼i )

i ¯
¯
¯ ~»0= ~»0c

= I m
h
Ĉn +1 (¼i )

i ¯
¯
¯ ~»0= ~»0c

if and only if ~I ¢~»c = 0 and

h
+

q ¡ ~R ¢~»0
c

¢2
+

¡ ~I ¢~»0
c

¢2
¡ ~R ¢~»0

c

i ¯
¯
¯

»0
2= ¹»

( i )
2

= 0

A crossings of widths, ¢¡ = 0, occurs at the intersection of the
hyperplane »0

2 = ¹»( i )
2 and the branch cut line L I



Crossings and anticrossings of energies and widhts II

A generalization of the level repulsion theorem (von Neumann
and Wigner ) from bound to unbound states.

From our previous expressions

¢ E ¢¡ = ¡
1

2

³
~I ¢~»

´ ¯
¯
¯

»2= ¹»
( i )
2

³
¢ E

´ 2
¡

1

4

³
¢¡

´ 2
=

³
~R ¢~»

´ ¯
¯
¯

»2= ¹»
( i )
2

For ( ~I ¢~»c) ¹»
( i )
2

= 0, we ¯nd three cases:

1. ( ~R ¢~»c) ¹»
( i )
2

> 0 implies ¢ E 6= 0 and ¢¡ = 0,

i.e. energy anticrossing and width crossing.

2. ( ~R ¢~»c) ¹»
( i )
2

= 0 implies ¢ E = 0 and ¢¡ = 0,

a joint energy and width crossings, that is, exact degeneracy
of the two complex resonance energy eigenvalues.

3. ( ~R ¢~»c) ¹»
( i )
2

< 0 implies ¢ E = 0 and ¢¡ 6= 0,

i.e. energy crossing and width anticrossing.



Trajectories of the S-matrix poles and changes of
identit y

Eliminating »1 between R eÊn (»i ; ¹»( i )
2 ) and I m Ên (»i ; ¹»( i )

2 ) we
obtain the equation of the trajecto ries of the poles

R e(Ên )2 ¡ 2 cot Á1(R eÊn )( I m Ên ) ¡ ( I m Ên )2 + ( ~R ¢ ¹»( i )
c ) = 0

Close to the crossing point, the trajecto ries of the S-matrix poles
of an IDUS in the complex energy plane are the branches of a
hyperbola

1.
¡ ~R ¢~»c

¢¯
¯

»2= ¹»
( i )
2

> 0 Anticrossing of energies and crossing of widths

2.
¡ ~R ¢~»c

¢¯
¯

»2= ¹»
( i )
2

= 0 Joint crossing of energies and widths

3.
¡ ~R ¢~»c

¢¯
¯

»2= ¹»
( i )
2

< 0 Crossing of energies and anticrossing of widths



\Change of identit y" of the poles' trajecto ries close
to a degeneracy

This plot shows the poles' trayectories of the scattering matrix
S(k ) in the complex k ¡ plane, for ¯xed V3 and 1.02 · d ·
1.2; V (1)

3 = 1.0381, V (2)
3 = 1.038235081, V (3)

3 = 1.0384



\Change of identit y" of the poles' trajecto ries close
to a degeneracy

Figure 7: V3 = 1:0384

- - - - - - contact equivalent approximant
||||| numerically exact





Going around the exceptional point II



Conclusions

The local top ological properties of the eigenenergy surfaces close
to an exceptional point in parameter space, fully explain:

² The rich phenomenology of crossings and anticrossings of
energies and widths

² The very large and sudden change of shape of the trajecto ries
of the S-matrix poles, also called \change of identit y" ,
observed in an isolated doublet of unbound energy eigenstates
(resonances) when one control parameter is varied while the
others are kept constant.

When the system goes around the exceptional point in
parameter space, these same top ological properties also fully
explain:

² The exchange of the poles' positions in the complex energy
plane, and the exchange of the wave functions when the
system goes around the exceptional point once.

² The geometric (Berry) phase acquired by the wave function
when the system makes a double cyclic excursion around the
exceptional point in parameter space.


