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1. Commutation Relations

Talking about Hamiltonians that are not Hermitian, but are:

- (i ) PT-symmetric

- (ii) pseudo-Hermitian

i.e.

H† = ηHη−1 (1.1)

Here η is Hermitian and positive definite, and is usefully written

as

η = e−Q

where Q is Hermitian.
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Specialize to case where H = H0+ εH1, where

- H0 is Hermitian: H
†
0 = H0

- H1 is anti-Hermitian: H
†
1 = −H1

Looking for a perturbative solution: Q =
∑

rQrε
r (r odd)

(i) Commutation relations for Q

In first place Eq. (1.1) becomes

H† = e−QHeQ

= H + [H,Q] +
1

2!
[[H,Q], Q] +

1

3!
[[[H,Q], Q], Q]

+ · · ·+ 1

n!
[. . . [H,Q], . . . , Q]
︸ ︷︷ ︸

n commutators

+ . . .
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Now insert H = H0+ εH1, Q =
∑

rQrε
r and collect terms:

−2H1 = [H0, Q1]

0 = [H0, Q3] +
1

2!
[[H1, Q1], Q1] +

1

3!
[[[H0, Q1], Q1], Q1]

0 = [H0, Q5] +
1

2!
([[H1, Q1], Q3] + [[H1, Q3], Q1])

+
1

3!
([[[H0, Q1], Q1], Q3] + perms)

+
1

4!
[[[[H1, Q1], Q1], Q1], Q1]

+
1

5!
[[[[[H0, Q1], Q1], Q1], Q1], Q1]

. . . . . .
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Here coefficients are simple: just 1/n!. But in each equation

we can use previous equations to eliminate [H0, Qr]. They then

become

[H0, Q1] = −2H1,

[H0, Q3] = −16[[H1, Q1], Q1],

[H0, Q5] = −16 ([[H1, Q1], Q3] + [[H1, Q3], Q1])

+ 1
360[[[[H1, Q1], Q1], Q1], Q1]
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[H0, Q7] = −16[[H1, Q3], Q3]

−16([[H1, Q1], Q5] + [[H1, Q5], Q1])

+ 1
360([[[[H1, Q1], Q1], Q1], Q3] + perms)

− 1
15120[[[[[[H1, Q1], Q1], Q1], Q1], Q1], Q1]

. . . . . .
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Q1: What are these coefficients, and what is general coefficient?

Well, cn, coefficient of 2n-fold commutator, is

cn = −2B2n
(2n)!

,

= coefficient of z2n in −z coth 12z

Q2: Why?
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Well, ∃ a recursion relation for cn:

cn = − 1

(2n)!
−

n∑

r=1

cn−r
(2r+1)!

︸ ︷︷ ︸

(1.2)

from H0 comm
s

- same as one of recursion relations for cn in

−z coth 12z =
∞∑

n=0

cnz
2n.

Multiply both sides by ez/2:

−z(ez +1) =
∞∑

n=0

cnz
2n(ez − 1),

i.e.

−z
(

1+
∞∑

n=0

zn

n!

)

=
∞∑

m=0

cmz
2m

∞∑

s=1

zs

s!
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Equating coefficients of z2n+1 gives precisely Eq. (1.2).

Commutation relations for h

Equivalent Hermitian Hamiltonian is

h = e−Q/2HeQ/2

= H +
1

2
[H,Q] +

1

4× 2!
[[H,Q], Q] +

1

8× 3!
[[[H,Q], Q], Q]

+ · · ·+ 1

2n × n! [. . . [H,Q], . . . , Q]︸ ︷︷ ︸

n commutators

+ . . . (1.3)

Now insert H = H0+ εH1, Q =
∑

rQrε
r, h =

∑

r even hrε
r:
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First few equations are

h0 = H0

h2 =
1

2
[H1, Q1] +

1

4× 2!
[[H0, Q1], Q1]

h4 =
1

2
[H1, Q3] +

1

4× 2!
([[H0, Q1], Q3] + [[H0, Q3], Q1])

+
1

8× 3!
[[[H1, Q1], Q1], Q1]

+
1

16× 4!
[[[[H0, Q1], Q1], Q1], Q1]
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h6 =
1

2
[H1, Q5] +

1

4× 2!
([[H0, Q1], Q5] + [[H0, Q5], Q1])

+
1

4× 2!
[[H0, Q3], Q3]

+
1

8× 3!
([[[H1, Q1], Q1], Q3] + perms)

+
1

16× 4!
([[[[H0, Q1], Q1], Q3], Q1] + perms)

+
1

32× 5!
[[[[[H1, Q1], Q1], Q1], Q1], Q1]

+
1

64× 6!
[[[[[[H0, Q1], Q1], Q1], Q1], Q1], Q1]
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Again, coefficients are simple: just 1/(2nn!). But eliminating

[H0, Qr] gives

h0 = H0

h2 =
1

4
[H1, Q1]

h4 =
1

4
[H1, Q3]−

1

192
[[[H1, Q1], Q1], Q1]

h6 =
1

4
[H1, Q5]−

1

192
([[[H1, Q1], Q1], Q3] + perms)

+
1

7680
[[[[[H1, Q1], Q1], Q1], Q1], Q1]

. . . . . .
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Q3: What are these coefficients, and what is general coefficient?

Well, an, coefficient of (2n− 1)-fold commutator, is

an = − E2n−1(0)
22n−1 × (2n− 1)!

,

= coefficient of z2n−1 in tanh(z/4)

Q4: Why?
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Well, recursion relation for an is:

an =
1

22n−1 × (2n− 1)!
+

n∑

r=1

cn−r
(22r × (2r)!

︸ ︷︷ ︸

(1.4)

from H0 comm
s

Can obtain same recursion relation for coefficients in

tanh(z/4) =
∞∑

n=1

anz
2n−1
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Thus

z sinh(z/2) =
∞∑

n=1

z2n

22n−1 × (2n− 1)!

and

(z coth(z/2))(cosh(z/2)− 1) = −
( ∞∑

m=0

cmz
2m

)( ∞∑

r=1

z2r

(22r × (2r)!

)

= −
∞∑

n=1

z2n
n∑

r=1

cn−r
(22r × (2r)!

Subtracting gives

∞∑

n=1

anz
2n = z[sinh(z/2)− coth(z/2)(cosh(z/2)− 1)]

= z tanh(z/4) !

1.14



2. PT-Symmetric Versions of Sine-Gordon and

Massive Thirring Models

(i) Modified Sine-Gordon model

Conventional S-G model, in [1+1], has

LSG =
1

2
(∂µϕ)

2+
M2

λ2
(cosλϕ− 1),

or correspondingly

HSG =
1

2
Π2+

1

2
(∇ϕ)2+M2

λ2
(1− cosλϕ).

Modified version (PT -symmetric, but not Hermitian):

H =
1

2
Π2+

1

2
(∇ϕ)2+M2

λ2
(1− cosλϕ− iε sinλϕ),
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So H0 = HSG, and H1 = −i(M2/λ2) sinλϕ.

First few equations for Qn are:

[H0, Q1] = −2H1,

[H0, Q3] = −16[[H1, Q1], Q1], (2.1)

[H0, Q5] = −16 ([[H1, Q1], Q3] + [[H1, Q3], Q1])

+ 1
360[[[[H1, Q1], Q1], Q1], Q1]

Ansatz for Q1:

Q1 = ξ1

∫

x
Πx.
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Then

[H0, Q1] = ξ1

∫

xy

[
1

2
∂1ϕx∂1ϕx −

M2

λ2
cosλϕ,Πy

]

= iξ1

∫

x

(

∂21ϕx
︸ ︷︷ ︸
∫
→0

+
M2

λ
sinλϕ

︸ ︷︷ ︸

∝H1

)

,

∵ [ϕx,Πy] = iδxy

So [H0, Q1] = −2H1, if ξ1 = 2/λ

Similarly set Q3 = ξ3
∫

xΠx

Then (2.1) ⇒ ξ3 = ξ1/3
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Similarly ξ5 = ξ1/5

Seem to be generating series for tanh−1 ε, giving all-orders result

Q =
2δ

λ

∫

x
Πx

where δ = tanh−1 ε

N.B. Only makes sense for |ε| < 1.

Can verify result a posteriori by constructing

h = e−(δ/λ)
∫

xΠxHe(δ/λ)
∫

xΠx

This just shifts ϕ: ϕ→ ϕ+ iδ/λ.
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Thus

cosλϕ+ iε sinλϕ ≡ sechδ cos(λϕ− iδ)

→ sechδ cosλϕ

∴ h is again S-G model, but with bare mass M ′ given by

(M ′)2 =M2sechδ =M2(1− ε2)
1
2 (2.2)

Now can understand restriction |ε| < 1: PT spontaneously broken

for |ε| > 1.
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(ii) Modified massive Thirring model

Conventional MT model, in [1+1], has

LMT = ψ̄(i∂/−m)ψ+
1

2
g(ψ̄γµψ)(ψ̄γµψ),

or correspondingly

HMT = ψ̄(−i∇/+m)ψ − 1

2
g(ψ̄γµψ)(ψ̄γµψ).

This is equivalent to S-G model, with correspondence

λ2

4π
=

1

1− g/π, M2 = mΛ (Λ = ren. scale)

In particular λ =
√
4π ↔ g = 0, the free fermion theory.
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Modified version involves a “γ5 - dependent mass”:

H = ψ̄(−i∇/+m(1 + εγ5))ψ −
1

2
g(ψ̄γµψ)(ψ̄γµψ)

Here γ0 = σ1, γ1 = iσ2, γ5 ≡ γ0γ1 = −σ3.
Additional term is PT-symmetric but non-Hermitian.

First consider g = 0 (λ =
√
4π).

Write

Q1 =
∫

xy
ψ†x(G1)xyψy

H0 =
∫

xy
ψ†xDxyψy,
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where D = γ0(−i∇/+m) = −iγ5∂1+mγ0.

Using canonical equal-time anti-commn reln {ψ†x , ψy} = δxy, eqn

[H0 , Q1] = −2H1,

reads

−2m
∫

ψ̄γ5ψ =
∫

[ψ†Dψ ,ψ†G1ψ]

=
∫

ψ†[D ,G1]ψ

=
∫

ψ†[−iγ5∂1+mγ0 , G1]ψ

Particular solution is G1 = −γ5
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Similarly set G3 = −ξ3γ5.

Then (2.1) ⇒ ξ3 = 1/3

Similarly third eqn gives ξ5 = 1/5

Again, seem to be generating series for tanh−1 ε, with all-orders

result

Q = −δ
∫

x
(ψ†γ5ψ)x,

where again δ = tanh−1 ε
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Check result by constructing

h = exp

(
1

2
δ
∫

x
(ψ†γ5ψ)x

)

H exp

(

−1
2
δ
∫

x
(ψ†γ5ψ)x

)

By virtue of Lorentz-like commn relations

[γ5, γ0] = 2γ1,

[γ5, γ1] = 2γ0,

this is just

h = ψ̄(−i∇/+ µ)ψ

where µ = m sechδ = m(1− ε2)
1
2, in agreement with (2.2).

N.B. This Q also works for g 6= 0, since

(ψ̄γµψ)(ψ̄γµψ) = (ψ†ψ)2 − (ψ†γ5ψ)2.

Each term on RHS commutes with Q = −δ ∫x(ψ†γ5ψ)x.
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Thus only effect on H is to change γ5-dependent mass term

mψ̄(1 + εγ5)ψ to a normal mass term µψ̄ψ.

Again, if |ε| > 1, PT symmetry is broken.

Another Solution

As usual, Q is not unique. Another possible (formal) solution is

G = iγ5 tanh
−1 (εm

∇/
)

!

This mixes kinetic term and γ5 mass term.

Corresponding h (for g = 0) is

h = ψ̄

[

m− i∇/
(

1+
ε2m2

∇2
)1

2

]

ψ
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Strange way of writing free field theory with mass µ!

Equation of motion is

[

∂20 −∇2
(

1+
ε2m2

∇2
)]

ψ = −m2ψ

i.e.

∂2ψ = −m2(1− ε2)
︸ ︷︷ ︸

µ2

ψ !

This Q only defined in a limited range of p-space.
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3. How does this work?

(i) Where does tanh−1 come from?

Important feature here: Qr = αrQ1 - all with same structure -

so that Q = (
∑∞
r αrεr)Q1.

∴ from

[H0, Q1] = c0H1,

[H0, Q3] = c1[[H1, Q1], Q1],

get

[[H1, Q1], Q1] = α3
c0
c1
H1 = 4H1

(α3 = 1/3, c0 = −2, c1 = −1/6)
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Then eqn

[H0, Q5] = c1 ([[H1, Q1], Q3] + [[H1, Q3], Q1])

+c2[[[[H1, Q1], Q1], Q1], Q1]

becomes

−2α5H1 =
[

2(4c1)α1α3+ (16c2)α
4
1

]

H1

⇒ α5 = 1/5

In fact all equations can be generated by expansion of

−2
∞∑

r odd

αrε
r = ε

∞∑

r=0

4rcr︸ ︷︷ ︸

ĉr

(α1ε+ α3ε
3+ α5ε

5+ . . . )2r (3.1)
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namely

−2α1 = ĉ0

− 2α3 = ĉ1α
2
1

− 2α5 = 2ĉ1α1α3+ ĉ2α
4
1

− 2α7 = ĉ1(2α1α5+ α23) + 4ĉ2α
3
1α3+ ĉ3α

6
1

. . . . . .

Multiplicities are no. of permns of a given commutator structure.

Then, assuming that αr are indeed coefficients of arctanh,

Eq. (3.1) reads

−2δ = ε
∞∑

r
cr(2δ)

2r

= tanh δ (−2δ coth δ) XXX
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(ii) Where does sech come from?

Well, with [[H1, Q1], Q1] = 4H1, [H1, Q1] = −2H0, eqs for h:

h2 = a1[H1, Q1]

h4 = a1[H1, Q3] + a2[[[H1, Q1], Q1], Q1],

h6 = a1[H1, Q5] + a2([[[H1, Q1], Q1], Q3] + perms)

+a3[[[[[H1, Q1], Q1], Q1], Q1], Q1],

become

h2 = −2â1α1H0
h4 = −2(â1α3+ â2α

3
1)H0

h6 = −2(â1α5+3â2α
2
1α3+ â3α

5
1)H0

where âr = 4r−1ar.
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Again, h ≡ ∑
hrεr is generated by

1− 2ε
∞∑

r=1

âr(α1ε+ α3ε
3+ α5ε

5+ . . . )2r−1

= 1− ε
∞∑

r=1

ar(2δ)
2r−1

= 1− tanh δ × tanh(δ/2)

= sechδ !!
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4. Conclusions

(i) Have identified the coefficients of multiple commutators in-

volved in perturbative expansions for Q and h:

H† = e−QHeQ

h = e−
1
2QHe

1
2Q

(ii) Have found exact expressions for Q and h in PT-symmetric

versions of Sine-Gordon and Massive Thirring models.

(iii) Have understood these solutions in terms of properties of

coefficients of (i)


