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1. Commutation Relations

Talking about Hamiltonians that are not Hermitian, but are:
- (i) PT-symmetric
- (ii) pseudo-Hermitian
I.e.
HT =nHn ! (1.1)

Here n is Hermitian and positive definite, and is usefully written
as

where () is Hermitian.
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Specialize to case where H = Hg + €Hq1, Where

- Hp is

Hermitian: Hg = Hp

- Hq is anti-Hermitian: HI = —H;

Looking for a perturbative solution: Q = >, Qre" (r odd)

(i) Commutation relations for @

In first place Eq. (1.1) becomes

)24l

e QHe?
H + [H,Q) + , {1H,Q), Q] + 3, [[[1,Q],Q1,¢]
ot L QL. QL

n commutators
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Now insert H = Hg+¢cH1, Q = > ,.Qre" and collect terms:

—2H4 = [Hp, Q1]
0 = [Ho,Qs)+ o [[H1, Q1) Q1) + 5, [[[Ho, Q1] @11, Q1]
0 = [HoQsl + 5 ([[H1, @11, Q8] + [[H1, @3], 1)
+.([[[Ho, Q1] @11, 3] + perms)
+ [, @11, @11, 1], Q1]

+ - (Mll1Ho, @11, @11, @1, @11, @1

1.3



Here coefficients are simple: just 1/n!. But in each equation
we can use previous equations to eliminate [Hg, Qr]. They then
become

[HC)?Ql] — _2H17
[Ho, Q3] = —¢l[H1,Q1],Q1l,
[Ho,Qs] = —2 ([[H1,Q1],Q3] + [[H1,Q3],Q1])

+555ll[[H1, Q1], Q1], Q1], Q1]
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[H07 QT]

—1[[H1,Q3], Q3]
_%<[[H17Q1]7 Q5] + [[Hla Q5]7Q1])
+ 325 ([[[[H1, Q1], Q1], Q1], Q3] + perms)

—1e15glLI[[H1, Q1], 1], Q1], Q1], @1], Q1]
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Q1: What are these coefficients, and what is general coefficient?

Well, ¢, coefficient of 2n-fold commutator, is

2By,
(2n)V

Cn —

— coefficient of 22" in —z coth %z
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Q1: What are these coefficients, and what is general coefficient?

Well, ¢, coefficient of 2n-fold commutator, is

2By,
(2n)V

Cn —

— coefficient of 22" in —z coth %z

Q2: Why?
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Well, 4 a recursion relation for cy:

n

(1.2)

o (Qn)' TZ (27’—|—1)'

\

from Hg comm?®

- same as one of recursion relations for ¢y, Iin
1 = 2
- n
—z coth 52 = g CnZ

Multiply both sides by e?/2:

©.@)
—z(ef+1) = ) cnz2" (e — 1),
n=0
1.€.
0. @) Z?’L ©.@) 2m @) ZS
—z(l -+ Z g) — Z CmZ o
n=0 m=0 s=1
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Equating coefficients of 22"t1 gives precisely Eq. (1.2).

Commutation relations for h

Equivalent Hermitian Hamiltonian is

h = e_Q/QHeQ/2

1 1 1
+...+2n1 [ [H,QL..., QL+ ... (1.3)
X n! ~V~

n commutators

Now insert H = Hg+¢cHy1, Q = ,Qre", h =3, cpen hre”:
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First few equations are
ho = Hp

1 1
h = —|H
2 2[ 17Ql]+4><2!
1 1
ha = —|H
4 2[ 1’Q3]+4><2!

1

8 x 3l
1

16 x 4!

[[Ho, Q1], Q1]

_|_

[[[H1,Q1], Q1], Q1]

-+ [[[[Ho, Q1], Q1], Q1], Q1]

([[Ho, Q1], @3] + [[Ho, Q3], Q1])
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1
2

_|_

Qs], Q1])

1 2![[H07Q3],Q3]

_|_

= ([[[Hlan]an]aQS] + perms)

-+ ([[[[Ho, @1], @1], @3], Q1] + perms)

16 41
+

32 5,[[[[[ 1,Q1], Q1], @1], Q1], Q1]

_|_

64 x 6'[[[[[[ 0, @1l Q1l, Q1], Q1], @1], Q1]
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Again, coefficients are simple: just 1/(2"n!). But eliminating
[Ho, Qr] gives

h = L H
> = Z[ 1, Q1]
1 1
hg = Z[HLQE’)] — @[[[HlanLQl]an]
1 1
he = Z[HLQS] — @([[[Hlan], Q1], Q3] + perms)

—I—%[[[[[HL Q1], Q1], Q1], Q1], Q1]
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Q3: What are these coefficients, and what is general coefficient?

Well, an, coefficient of (2n — 1)-fold commutator, is

- E2n—1(0)
22n—1 » (2n — 1)V

an —

= coefficient of 22"~ 1 in tanh(z/4)
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Q3: What are these coefficients, and what is general coefficient?

Well, an, coefficient of (2n — 1)-fold commutator, is

- E2n—1(0)
22n—1 » (2n — 1)V

an —

= coefficient of 22"~ 1 in tanh(z/4)

Q4: Why?
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Well, recursion relation for an, iS:

1 Cn—r

22n—1 x (2n — 1)! + Z 1 (227 % (2r)!

-~

(1.4)

an —

from Hgp comm?®

Can obtain same recursion relation for coefficients in

@)
tanh(z/4) = > anz2" "1
n=1
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Thus

0 Z2n
zsinh(z/2) = ngl 22n—1 » (25, — 1)!
and
00 00 527
(zcoth(z/2))(cosh(z/2) —1) = _< 2 szzm)( 2. (22r x (27“)')
m=0 r=1 .

— Z ZQn Cn—r
= (227 x (2r)!

Subtracting gives

i anz’® = z[sinh(z/2) — coth(z/2)(cosh(z/2) — 1)]
n=1

ztanh(z/4) !
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2. PT-Symmetric Versions of Sine-Gordon and
Massive Thirring Models

(i) Modified Sine-Gordon model

Conventional S-G model, in [141], has

1 M?2
Lsg = 5(8Mg0)2 F(COS Ap — 1),
or correspondingly
1 2

1 M
_ A2 2
Hegg = 5“ + 5(Vgp) 2 (1 —cos\p).

Modified version (PT-symmetric, but not Hermitian):
1 2

1 M
. 2 2 . .
H = 5|-| _|_§(vgp) v(1 — COS Ap — e Sin Ap),

2.1



So Hg = Hsg, and Hi = —i(M2/X2) sin \p.

First few equations for @, are:

[H07Q1] — _2H17
[HO7Q3] — _%[[HlanLQl]a (21)
[Ho,Qs] = -2 ([[H1,Q1], Q3] + [[H1,Q3],Q1])

+W]-()[[[[Hla Ql]? Ql]) Q1]7 Ql]
Ansatz for Q1:

Q1 =€1/x|_|a:.
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Then

[Ho, Q1] = &1 /xy B@ls@x@waz =

2

2

)\2

COS Ay, I‘Iy]

M=
— i§1/<8%¢x+T5|n>\S@>:
x A\ S

N——

f—)O O(ﬁl

e, rly] — i5ivy
So [Ho,Q1] = —2Hy, if §1 =2/A
Similarly set Q3 = &3 [, Nz

Then (2.1) = &3 =¢&1/3
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Similarly &5 =&1/5

Seem to be generating series for tanh—1 g, giving all-orders result

26
== /n
@ )\/:vaj

where § = tanh—1¢
N.B. Only makes sense for || < 1.

Can verify result a posteriori by constructing
b= o= (/N [, Map o (8/0) [, Ma

This just shifts ¢: ¢ — @+ d/A.
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Thus

COsS Ay +iesin Ay = sechdcos(Ap — i)

— Secho cos Ay

. h is again S-G model, but with bare mass M’ given by
1
(M2 = M?seché = M?(1 —e?)2 (2.2)

Now can understand restriction || < 1: PT spontaneously broken
for |e| > 1.
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(ii) Modified massive Thirring model

Conventional MT model, in [141], has

Laar = PG — m) + g (T ) (),

or correspondingly

_ 1 _ _
HmT = (—iX+ m)yp — 59V ().
This is equivalent to S-G model, with correspondence

A2 1

— , M?=mA (A=ren. scale)
47t 1 —g/7

In particular A = vV4nm < g = 0, the free fermion theory.
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Modified version involves a “vyg5 - dependent mass”:

H = =i+ m(1+ e35)) — Lo (1) ()

Here v = 01, 71 = 102, 75 = Y071 = —03-
Additional term is P T-symmetric but non-Hermitian.

First consider ¢g =0 (A = v4m).

Write

Q1 /xy DI (G 1) mythy

Ho = [ ¢lDgyiby,
Ly
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where D = ~g(—iX¥+ m) = —iys01 4+ mg.

Using canonical equal-time anti-comm?"” rel" {zﬁ}é,%} = dzy, €q"

[Ho,Q1] = —2Hjq,
reads
—2m [Gysp = [[WIDy, 4Gyl
= [vlD,caly
— /W[—Wsﬁl + myo, G1]v¢
Particular solution is ' G1 = —n5
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Similarly set Gz = —£375.

Then (2.1) = &3 =1/3

Similarly third eq" gives | &5 =1/5

Again, seem to be generating series for tanh—1e, with all-orders
result

Q=4 / (Y51,

where again § = tanh—1¢
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Check result by constructing

h = exp @5 /x (wT'ysw)m)H exp (—%5 /m (wva)m)

By virtue of Lorentz-like comm" relations

[vs,v0] = 271,

[vs5,71] = 20,
this is just

h = (=X~ )i

1
where 1 = msechd = m(1 —&2)2, in agreement with (2.2).

N.B. This @ also works for g #= 0, since

(v ) (D) = (1) = (Plys)>.
Each term on RHS commutes with Q = —§ [, (¢ Tv51)) .

2.10



Thus only effect on H is to change vs-dependent mass term
mip(1 + ev5) to a normal mass term panp.

Again, if |e| > 1, PT symmetry is broken.

Another Solution

As usual, @Q is not unique. Another possible (formal) solution is
— —1 (&
G = 1vy5 tanh (7\7)

T his mixes kinetic term and g5 mass term.
Corresponding h (for g = 0) is
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Strange way of writing free field theory with mass u!

Equation of motion is

e2m?

[88—V2<1-|— =5 )]wz—m%

9%1) = —377,2(1 — 82)/?7D !

2

v
This Q only defined in a limited range of p-space.
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3. How does this work?

(i) Where does tanh—! come from?

Important feature here: Qr = ar@Q1 - all with same structure -
so that Q@ = (-2° are™) Q1.

- from

[HO7Q1] — COH17
[Ho, Q3] = cillH1,@1], Q1],
get

[[H1,Q1],Q1] = asz—(l)Hl = 4H,

(a3 =1/3, cog = -2, ¢c1 = —1/6)
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Then eg"
[Ho,Qs] = c1 ([[H1,Q1], Q3] + [[H1,Q3],Q1])

+coll[[[H1,Q1], @1], @1], Q1]

becomes
—2asH; = [2(461)041043 + (1662)0631} Hjy

— a5=1/5

In fact all equations can be generated by expansion of

xO 0. @)
—2 Z are’ = ¢ Z 4"cr (a1 + oz3€3 + 04555 + ... )QT (3.1)
r odd r=0 g,
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namely

—2a1 = Cp
2 _ ~ 2
—2a3 = 109
—2a5 = 2ciajaz+ 620441L

é1(2aias + af) + 4éxa3a3 + E3a8

— 2047

Multiplicities are no. of perm"® of a given commutator structure.

Then, assuming that o, are indeed coefficients of arctanh,
Eqg. (3.1) reads

@)
26 = €Zcr(25)2r
T
= tanhé(—25cothd) v vV
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(ii) Where does sech come from?

Well, with [[H1,Q1],Q1] = 4H1, [H1,Q1] = —2Hg, eqg> for h:

ho = a1[H1,Q1]

a1[H1, Q3] + as|[[H1,Q1], Q1], Q1],

he = ail[Hy1,Qs] + ax([[[H1,Q1], Q1], Q3] 4 perms)
+as[[[[[H1, Q1], Q1], Q1], Q@1], @1],

>
N
|

become
ho = —2aja1Hp
hae = —2(aiaz+ azxa3)Hy
he = —2(aias+ 3dzxafaz + azal)Ho

where 4, = 4" 1qa,.
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Again, h = > hye" is generated by

0. @)
1 —2¢ Z ar(a1e + 04353 + a565 + ... )QT_l
e
= 1l—¢) ar(26)°7 1
r=1
1 —tanhé x tanh(§/2)

sechd !l
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4. Conclusions

(i) Have identified the coefficients of multiple commutators in-
volved in perturbative expansions for ¢Q and h:

HT = e 9He¥
h = e 39Hea¥

(ii) Have found exact expressions for Q and h in PT-symmetric
versions of Sine-Gordon and Massive Thirring models.

(iii) Have understood these solutions in terms of properties of
coefficients of (i)



